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Abstract 

This article analyzes well-definedness and regularity of renormalized powers of Ornstein-Uhlenbeck 
processes and uses this analysis to establish local existence, uniqueness and regularity of strong solu- 
tions of stochastic Ginzburg-Landau equations with polynomial nonlinearities in two space dimensions 
and with quadratic nonlinearities in three space dimensions. 



1 Introduction 

The first part of this article (see Section [2] below) investigates well-definedness and regularity of suitable 
renormalized powers of Ornstein-Uhlenbeck processes. More formally, let (fi, J^, P) be a probability space, 
let d G N := {1, 2, . . . }, n G {2, 3, 4, ... } and let {Wt)tm be a two-sided cylindrical /-Wiener process on 
the K-Hilbert space L^([0, 27r]'^, R) of equivalence classes of Lebesgue square integrable functions from 
[0, 27r]'' to R. Moreover, let C-p{[0, 27r]'', M) be the space of periodic continuous functions from [0, 27r]'^ to 
R, let A: D{A) C C7o([0, 27r]'', M) -J> C-p{[0, 27r]'', R) be the Laplacian with periodic boundary conditions 
on C-p([0, 27r]'*, M) minus the identity operator (see (O below for details) and consider the stationary 
solution Vt = J'i^ e^(*-'') dWs, i G M, of the SPDE 

dVt = AVt dt + dWt (1) 
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for t € R. Note that the process Vt, t € M, does in the case d > 2 P-ahiiost surely not take values 
in a function space anymore but in i:)((-A)(2-'i)/4-e) (see, for instance, Da Prato k Zabczyk [5 ). 
Nonetheless, powers of V are well defined in a suitable sense in the case d = 2. Indeed, rt-th renormalized 
power of V , that is, the stochastic process : (Vt)" :, t S E, is well defined and its regularity is analyzed 
in the case d = 2 in Lemma 3.2 in Da Prato & Debussche [3] (see, e.g., also [20l[8j|4] for further details 
on the definition of the rt-th renormalized power) . Proposition [14] in this article extends the regularity 
statement of this result and also establish well definedness of : (Vj)^ :, i e M, in the case c? = 3. Moreover, 
if d = 3, n > 3 or if d > 4, then : (Vt)" :, t € M, can not be defined anymore (see Section 7.1 in Da Prato 
& Tubaro [3] in the case d = n = 3 and Lemma [TBI below in the general case). Although : {VtY :, t € M, 
does not make sense in the case d = 3, we establish in Proposition [12] and Lemma [5l] below that the 
processes /^^ : (14)" : ds, t € [fo,oo), to € M, (which we refer as averaged Wick powers) are well defined 
if and only if ^ > f (i.e., if and only if d G {1,2} or (d = 3 and n e {2,3,4}) or (d S {4,5} and 
n = 2)). The integral thus mollifies the renormalized power in a suitable sense and allows us to define 
/to ■ (^s)"^ ■ ds, t E [to, oo), to £ M, even in the case d = 3. Another possibility to extend the definition of 
: (Vt)" :, t e M, is to consider the process 

Jl^ e^(*-") : (Ks)" ■■ ds,te M, which we refer as convolutional 
Wick power. Proposition [M] and Lemma [53] prove that 6"^^*^*' : (14)" : ds, t € R, is (as in the case of 
averaged Wick powers) well defined if and only if ^±1 > |. Proposition [M] also proves that convolutional 
Wick powers enjoy more regularity properties than averaged Wick powers constructed in Proposition [TO] 
Our analysis of convolutional Wick powers is inspired by a Walsh-expansion for the KPZ equation in the 
fundamental recent article Hairer [9^. For details on the results on Wick power, averaged Wick powers 
and convolutional Wick powers the reader is referred to the summary in Subsection 12 . 71 below. 

The above outlined results on the well-definedness and regularity of renormalized powers of V are 
used in the second part of this article (see Section [3] below) to analyzes strong solutions of stochastic 
Ginzburg-Landau equations with polynomial nonlinearities. More formally, let r], kq, ki, . . . , k„ G M, let 
xo £ D{{~A)^) and consider a solution process {Xt)t£[o.oo) of the SPDE 



dt + dWt (2) 



for t £ [0, oo) with the initial condition Xq = xq and where the expression : (X^ILo '^iiXtY) '■ is a suitable 
renormalization of the term X]r=o^*(^t)* ^'-'^ ^ ^ [OjOo) (see Subsections 13 21 and 13.31 below for further 
details). The parameter rj £ M. thus measures the regularity of the initial value. SPDEs of the form ([2]) 
have a strong connection to models from quantum field theory; see [TT]- Local and global existence, 
uniqueness and regularity of solutions of SPDEs of the form © (and suitable mollified versions of ^ 
respectively) have been intensively studied in the last two decades; see, e.g., the monograph [5] and the 
references mentioned therein for the one-dimensional case d = 1 and see [TU [1] [T] [21 [S] [ZJ [131 [13 [3] for 
the more subtle two-dimensional case d = 2. In this article we are mainly interested in strong solutions 
of ([2]) and we therefore review results for strong solutions of ([5]) in a bit more detail in the following. 

In the case d = 1, global existence, uniqueness and regularity of strong solutions follows, e.g., from 
Section 7.2 in Da Prato & Zabczyk if n is odd and if k„ < 0. In the case d = 1 the expression 
Sr=o '^ii^tY appearing in ([2]) is well defined and it is not necessary to replace it by its renormalization 
• {J2^=o '^i(-^ty) ■ ior t £ [0, oo). Moreover, note that the solution process (-'^t)tG[o,oo) of the SPDE ^ 
satisfies F[Xt £ D{{—Ay^^^^) U {oo}] = 1 for all t,e £ (0,oo) in the case d = 1. The solution process 
thus takes P-almost surely values in Z)((— A)^/'*^'^) U {oo} in the case d = 1 where e £ (0, oo) is arbitrarily 
small. Here and below the solution process takes the value oo after its possible blow up (e.g., if k„ > 0). 

In the case d = 2 the renormalization is necessary and can not be avoided (see Walsh [21 and, e.g.. 
Section 1 in Hairer et al. |10|V In the case d = 2 local existence, uniqueness and regularity of solutions 
of ([2]) have been established in Proposition 4.4 in Da Prato & Debussche [3 if the condition 

^ pe{^U) ("'^p(2n + l)' (n-l) " p) }) " ' p^^^r^oo) (™°{p(2n-M)' (n - 1) " p) }) 

(3) 

is fulfilled beside other assumptions (see also Theorem 4.2 in [3] for the corresponding global existence 
result). The first main result of this article. Theorem [5T] in Subsection 13.21 extends Da Prato & Debuss- 
che's result by establishing local existence of strong solutions in the case d = 2 for a larger class of initial 
values, that is, if the condition 

2 

V> (4) 

n 

is fulfilled instead of ([3]). Clearly, assumption ((4]) is less restrictive than assumption ([3]). In addition, 
under assumption Q , Theorem [31] establishes more regularity of the solution process of the SPDE ^ . 
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The reader is referred to (|186p in Subsection 13 . 21 for a detailed comparison of the regularity statement in 
Proposition 4.4 in Da Prato & Debussche [3 and of the regularity statement in TheoremlHTlbelow. Under 
assumption Theorem [?T] also shows that the solution process (^t)te[o.oo) of the SPDE ([5]) satisfies 
P[Xt e D{{-Ay^) U {oo}] = 1 for aU t,e e (0,oo) and aU r e (-oo,0) in the case d = 2. The solution 
process thus takes P-almost surely values in D{{—A)^'^) U {oo} in the case d = 2 where e G (0,oo) is 
arbitrarily small. 

The next main result of this article is devoted to the case d = 3 and n — 2. More precisely, Theorem l32l 
in Subsection 13.31 proves local existence, uniqueness and regularity of strong solutions of ^ in the case 
d = 3 and n — 2 if the condition 77 > —1 is fulfilled. Under these assumptions. Theorem [32] proves that the 
solution process of the SPDE © satisfies ¥[Xt G D{{-A)-^/^-^) U {00}] = 1 for all t,e e (0,oo). The 
solution process thus takes P-almost surely values in D{{—A)~-^/'^~'^) U {00} in the case d = 3 and n — 2 
and 77 > —1 where e G (0,00) is arbitrarily small. To the best of our knowledge. Theorem [5^ is the first 
result in the literature that establish local existence of solutions of the SPDE (21) in the three dimensional 
case d — 3. The proof of Theorem [5^ is based on a detailed analysis of mild solutions of determinisitic 
nonautonomous partial differential equations in Subsection 13.11 and on the analysis of : (Vt)^ :, t S R, in 
three dimensions d = 3 (see Section [2]). 
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1.1 Notation 

Throughout this article the following conventions are used. If i7 is a set and J- C Vift) is a subsets of the 
power set of fl, then we denote by (To(J^) the sigma-algebra on il which is generated by J-. If {E,£) is 
a topological space, then we denote by B{E) := <je{£) the Borel sigma-algebra of {E,£). Furthermore, 
if d e N := {1,2,...}, then we denote by Cp([0, 27r]'^, R) the M-Banach space of periodic continuous 
functions from [0,27r]'' to M and by Ad'- D{Ad) C Cp([0, 27r]'', M) ^ Cp([0, 27r]'^, M) the generator of a 
strongly continuous analytic semigroup which satisfies 



D{Ad) Z> \ ve Cp([0, 2Trf, M) : (BweC^ 



Va;eR'^:Vje {l,...,d}: w{x) ^ w{x + 2T:ef^)] A [w|[o,2^]<i = 



(5) 



and AdV = Av — v for all v e D{Ad)- The fact that such an operator exists and is unique can, e.g., be 
proved by considering the Laplacian on the whole R'^. In addition, if d e N and r G M, then we denote 
by 

{CU[0,2nr,nHr^ao^2.VM))---{D{{^^^^ (6) 

the R-Banach space of the domain of the ^-fractional power of Ad- Finally, we observe that there exist 

real numbers c^f^^ ^ G [0, 00), a,/3,7 G M, d G N, such that for every d G N, every a,/?, 7 G M with 

a -f /3 > and 7 < min(Q;,/3), every v G C^([0, 27r]'^, R) and every w G C^([0, 27r]'*, M) it holds that 
vw C^([0, 2i:Y, R) and that 



(7) 



More details on interpolation spaces and analytic semigroups can, e.g, be found in the excellent books 
Lunardi [13], Van Neerven [TB] and Sell & You [12]. Finally, throughout this article, if (V^, |H|y) is an 
R-Banach space, then we equip the set V U {00} with the topology 



A C y U{oo} : Va G yl\{oo}: 3e G (0,oo): {y G \\v - v\\y < e) d A 



and 00 G A : 



3i?G (0,00): {y^V: \\v\\y>R}(lA 



(8) 
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and we observe that the pairing consisting of V^U {00} and (|S|) is a complete metrizable topological space. 



2 Renormalized powers of Ornstein-Uhlenbeck processes 
2.1 Setting and assumptions 

Throughout Section [2] we will frequently assume that the following setting is fulfilled. Let d G N, let 
(5 : Z'^ X Z'' — > M be a function defined through 



1 : V ~ w 



: V ^ w 

for all v^w and let g.^ : [0, — > C, i; G Z'', be a family of functions defined through 



(9) 



(10) 



foraUi; = (wi, . . . , u<j) e andaUx = € [0,27r]''. Next let {H L2((0, 27r)'^; C), (•,->^ ||-||^) 

be the C-Hilbert space of equivalence classes of Lebesgue square integrable functions from (0, ^-kY to C 
with (w, w) ~ /^g r^^Y v(x) ■ w{x) dx for all v,w £ H. Observe that (27r) ^ g^, v £ Z'*, is an orthonormal 
basis of H and that y — J2veZ'^ {9v,v)h9^ ^^o"" V ^ H. Moreover, let No '■— {0,1,2,...}, let 

Vm ■■= {{ij) e {1,2,...,to}2: i < j}, m e N, be sets and let 6: U^^^ (Nq)'''" ^ U,^^i (No)" be a 
function defined through 



e(a) 



E 



\i— 1 or j — 1 



i^m or j—m 



for all a £ (No) " and all to e N. Furthermore, we denote by 

$ := {^: Z'^ ^ [0,00): (Vw e Z'' = (^_^,)} 



(11) 



(12) 



the set of all functions from Z'^ to [0, cx)) that are symmetric with respect to the origin and equipp it with 
the Frechet metric 

, / ;n min(l,yfc - i^k) 



for all iy9,-0 G $. Next define $0 := G for almost all k G Z'^} C $ and $o,<i := W € 

$0 : (V fc e Z'^ : ^fc G [0, 1])} C In addition, let {il, T, P) be a probability space and let /S'" : Rx n C, 
V G Z'^ , he a. family of jointly Gaussian complex valued stochastic processes with continuous sample paths 
and with 

('(5,^„min(|ti|,|t2|) ■■h-t2>0 
1 -.h-hKO 



PI = fit" 



and 



E 



(14) 



for all t,ti,t2 G M and all v,w E Z*^. Observe that v G Z'', are two-sided complex valued standard 
Brownian motions. Moreover, let 1/"^ : Rx O C-p([0, 27r]'', R), 1^9 G $0, be a family of stochastic processes 
with continuous sample paths satisfying 



-almost surely for alH G R and all tp = {(pv)v<£Z<' ^ ^o- Observe that 
1 



(2^) 



'-'Vi,V2 H^Vi ^1)2 ^ 



for all ti,t2 G R, vi,V2 G Z"* and all ip^^^ = ((/?l^^)t,gzd, (/s^^^ — {•■p'v'^)v&'^ G *l'o and that 



(15) 



(16) 



E 



gy{x2 - xi) 



(17) 
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for all e $0, ti,t2 e M and all xi,X2 £ [0,27r]'^. Moreover, if n e N, then we denote by 

W„ C L'^{n;R) the closure in L'^{n;R) of the set 



u u 



feeN 



polyn. of degree n ^ 



U U {^'(A^'---'/?*:)}- 



(18) 



Note for every n e N that the K-Hilbert space yV„ is the direct sum of the first n Wiener chaoses; see, 
e.g.. Section 4 in Da Prato & Tubaro [i] and Section A.l in Hairer [S]. Furthermore, let iJ„: R — > R, 
n € {0, 1,2,...}, be the unique functions satisfying 



(19) 



for all t^x S R. The functions i?„, n € {0,1,2,...}, are typically referred as (probabilists') Hermite 
polynomials in the literature. Note that Ho{x) — 1, Hi{x) = x, H2{x) = — 1, H^{x) = x^ — 3x, 
Hi(x) = x^ — 6x^ + 3, . . . for all a; € R. In addition, if Z: i7 — )■ R is a centered real valued Gaussian 
random variable and if n e Nq, then we denote by : Z": : 57 — > R the n-th Wick power of Z, that is, the 
random variable given by 



E[Z^] > 
E[Z2] = 



(see, e.g., page 9 in Simon 20 ). Moreover, we denote by : (V^)^: : R x 57 
n £ No, the stochastic processes with continuous sample paths given by 

{■.{Vn"){x) = :{V,^{x)r: 



(20) 

Cp([0,27r]^R), ip e $0, 
(21) 



for ah t G R, a; e [0,27r]'', (ys e $o and ah n e Nq. Note that : {Vf'^f: = 1, : (Vf'^)^ = , : (Vt'^f: = 

... for ah t e R and ah ip £ $0- In addition, we denote by o (V^^ ^ -|)"o : [to, oo) x 57 ^ C-p([0, 27r]'', R), 
(fi G ^0, n £ No, to £ M., the stochastic processes with continuous sample paths defined by 



■.{vfr-.ds 



(22) 



to 



for all ip e <^o, n eNo and aU to,teR with to < t and we denote by • (y^)"* : R x 5^ ^ C-p([0, 27r]'^, R), 
e $0, 7i e No, the stochastic processes with continuous sample paths defined by 



(23) 



for all (y9 e $0 7 G P^o and all i e R. The readers who are familiar with quantum field theory should 
distinguish the concept of the "time-ordered product" in quantum field theory (see, for instance, Peskin 
& Schroeder [TS]) from the averaged and the convolutional Wick power defined above. Finally, note that 
(V;'^(x))", :(F/(x))": , o (T^^ ^(x))" o, • (T//(x))" • G W„ for all n G N, x G [0, 2ttY^ and ah to,teR with 

to<t. 



2.2 Hypercontractivity estimates 

The following lemma allows us to calculate regularities of suitable stochastic processes by computing 
their correlations in Fourier space. It is quite similar to Proposition A. 2 in Hairer [Ql. 

Lemma 1. Assume the setting of Subsection \2.1\. let 7i G N and let a, 6 G R with a < b. Then there exist 



real numbers x 



n^d.p.a.b 



G [0, oo), p, a, a, (3 R, such that 



I "'^ 1 1 LP (n;C" ( [a,&] .Cp*^ ( [0,277] ,R) ) ) 



(24) 



n.d.p.a.h 



sup ^ 



(A„,A„,)-'^ (A„,A„,)-^|ti-t2|^^ 
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for all p G (0, oo), a G (a, 1), a G (0, 1), /3 G oo), /3 G M arjc? all stochastic processes X : [a, fe] x — > 
nrgRCp([0, 27r]'^, M) wit/i continuous sample paths which satisfy for every t G [a,b] and every x G [0, 27r]'^ 
thatXt{x) G W„. 

Proof of Lemma{l\ Hypercontractivity (see, e.g., Lemma A.l in Hairer [5]) ensures that there exist real 
numbers Kk,p G [0,00), fc G N, p G [2, 00), such that 



for all p G [2, 00), y G Wk and all fc G N. Note that 



(25) 



\{-A)^X\ 



C° i[a,b],LP(Q;LP((0,2Tv)'' 



sup 

te[a,b] 



\LP{n;LP({n,2Tr)'' 



sup 

ti,t2e[a,b] 



sup 



||(-A)'^(X,,-X,J| 



LP(n;LP((0,27r)<';i 



1/ ^[ 


\{{-Arx,){x)\' 







dx , 



sup 

ti,t2e[a,6] 



{/(o,2.)^Ie[|((-A)^(X,, -X,J)(x)|^] dx} 



(26) 



sup 

te[a,h] I J(0,27r)<' 



E 



iii-t2r 



dx 



sup 

ti,t2e[a,b] 
tl#t2 



{/(o,27r)''^ \ ^vei'^^'^'")^9v,Xt^ Xt^)^ gv{x) 



for all p G (0, cx)), a G (0,1), /? G M and all stochastic processes X : [a,b] x Q ^ nrGRCp([0, 27r]'^, 
Estimate hence implies that 



U-Afx\ 



< 



(2^ 



C°([a,&],LP(n;LP((0,27r) 

E 



sup 

te[a,6] I J(0,27r)'' 



sup 

tl,t2e[a,6] 
tl#t2 



/(0,2,)<i(E[|E„esd(A.)^(9..-fti-^t2)«9"(^)r])''^^|'' 



tl-t2 



(27) 



sup < 


^/ ( 


tG[a,6] 





E 



(g^i (9^2 9(^.2-^i)(^) 



(A„iA„,)- 



dx 



sup 

ti,t2e[a,6] I J(0,2ttY 
tl#t2 



E 



dx 



for all p G (0, 00), a G (0, 1), /3 G M and aU stochastic processes X : [a, 6] x — > nr.gKC^([0, 27r]'', M) which 
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satisfy for every t £ [a,b] and every x £ [0, 2^]^^ that Xt{x) £ Wn. This implies 

lc°([a,6],LP(n;L3'((0,27r)'i;R))) 

< SUP ^ / I > ■ KKZ&i;f!af 



U-AfXl 



sup < 


U i 


te[a,b] 





sup 

ti,t2G[o,6] I J(0,27r)'i 



E 



E 



dx 



(28) 



sup 

ti,t2e[a,b] 
tl/t2 



sup 

te[a,6] [ 

E 



•"i>'y2GZ'i (a„^a„2)" 



(A^^Ai,2) ^1*1— i2p° 



and hence 



\{-aYx\ 



C^{[a.h],LP(n-LP((0,2'^Y\- 



*1.*2 „i,i,2 [ 



{9^l^Xt,)^{g.2,X,,)^]\ |e [(g„, .Xt, -X,, )^ (g„, ,X,, -Xt, | 



e[a,b] 



(A„j A„2) 



(A„,A„,) ''|ti-t2l^ 



(29) 



for all p £ (0, oo), a £ (0, 1), /3 G M and all stochastic processes X: [a,6] xr2-> n^eRC^([0,27r]'',R) which 
satisfy for every t £ [a, 6] and every x £ [0, 27r]'' that Xt{x) £ yV„. Moreover, the Sobolev embedding 
theorem ensures that there exist real numbers P^'^'" G [0, oo), p,a,a, f3, f3 £ M, and pP-"'°' £ [0,oo), 



p,a,& £ 



such that 

ll^ll 



Wi-Afx] 



LP(O;C°([a,6],Cp''([0,27r]'i,R))) l|V ^'-J llLP(n;C°([a,b],Cp([0,27r]<i,B 
Lp(a;lV".P([a,6],LP((0,2Tr)<i:R))) 



<PlTp''^'''\\i-Afx\ 



(30) 



IC°([a,6],LP(O;LP((0,27r)'';: 



for all stochastic processes X : [a,b] x ^ nrgRCp([0, 27r]'', M) with continuous sample paths and all 
p £ (0,oo), a,a,a £ (0, 1), /3, /3 € R with d>a, a-a>i and j3 - P > ^. Combining and (150]) 
implies ((24)) and this completes the proof of Lemma [1] □ 

2.3 Estimates for discrete convolutions 

We first state three well known lemmas that we will use below. 

Lemma 2 (Finiteness of infinite sums). Let d e N, a e M and let £ [l,oo), x £ , he real numbers 
with Ax = 1 + (a^i) + . . . + {xd) for all x = (xi, . . . , Xd) £ M''. Then '^.^jd jyrw < i/ and only if 



a > 



Lemma 3 (Growth rate of finite sums). Let d £ N. a £ [0, i), P £ R, c £ {0, oo) and let £ [1, oo) 



£ R'', be real numbers with Aa: = 1 + (a;i) + ... + (xd) for all x = {xi^ . . . ,Xd) £ 



Then 



(A„ 



< OO if and only if (3 < a 



Lemma 4 (Growth rate of infinite sums). Let d £ f^, a £ (|, oo), (3 £ M, c £ {0, oo) and let Xx £ [1, oo), 



£ W^, be real numbers with A^ 1 + (xi) + ... + (xd) for all x — (xi, . . . ,Xd) £ 



Then 



(A„ 



feezM|fc||gd>c||«||,d (Afc)" 



< oo if and only if P < a 
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Lemmas UHl] can all be proved by estimating the sums through suitable Lebesgue integrals and then 
by using polar coordinates. The proofs of Lemmas [2H11 are straightforward and well known and therefore 
omitted. 



Lemma 5 (Two-sided bounds for discrete convolutions). Let c? G N and let € [l,oo), x G K'', be real 



numbers with A^; = 1 + (xi) + . . . + {xd) for all x — (xi, . . . , Xd) G 



Then 



ili 



E 

feez''. 
I|fc||,d< 



< 



E 

l|fc|lMd< 



< 



4/3 



(Afe) (Xv^k) (Xv) 



E 

l|fc||,d< 



(31) 



(A.)' 



E 



< 



E 



< 



4" 



l|fc|lE<i< 



fcez^^lkllM■^< 

l|fc|lMd<2|klUd 



(Afe)"(A„_fe)^ - (A.)" 



E 

3||f llgd 



(Afe)^ 



(32) 



(A.)^"+^^ 



Pii«<i> 

2||-u|Lrf 



< 



E 



1 



d (A/c) (Ai,-fc) 



<4^ 



l|fe|li,d> 



^d (A.)("+« 



fee 

l|fe|lMd> 

2|MLd 



for all V E 'Z'^ and all a, /S £ [0, 00). 

Proof of Lemma\^ First of all, observe that 

3-/3 



E 



1 



fcez", (Afc)"(A«)'^ (Afc)"(|A„)'' 
l|felUd< l|fclUd< 

IIMUd IlkliRd 



< 



E 

feGZ"*, 
l|fe||,d< 

lll^llld 



1 



(Afc)" (At,_fc) 



< 



E 



1 



< 



fcer*, (Afc)" (x) 



E 



4/3 



d (Afe)"(A.)^ 



fee: 



llsd _ 



(33) 



(34) 



for all V eR"^. This proves ([3T|) . Furthermore, note that 



E 



4-" 



^g^d^ (Afe)^(A.)" 

l|fe|lHd< 
5ll"llMd 



< 



E 



(A,)^(A,)" 



< 



E 



kez'',i\\v\\^^< 

ll''-fc|lEd<f llfllKd 



< 



E 



E 



1 



fc6Z;Ml|-"ll«d< 
l|fe|lKd<2||«||„d 



(4A,)" {X^-kY 



feGzM||«|Ud< /cez^tiK'IUd< ) (A«-fc)^ 



l|fc|lMd<2||i>||, 



E 



4« 



-< E 



l|fe|lMd<2|M|gd 

4c 



diiL,ii (Afe)'^(Ai,)" <i (Afe)'^(At,)" 



fcezM||i,||j.^i< 

ll''-fc|lKd<2||-u||gd 



fcez", 

l|fe|lMd< 

3||f Hud 



(35) 
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for all V E Z"^. This establishes ((5^ . Finally, observe that 

fcG 



("+/3) 



< 



E 



1 



II'=IIe<j> '- 



< 



E 



1 



< 



l|fe|lEd> 

2|klUd 



E 



1 



< 



E 



4^ 



2|kll, 



E 



fcez 



llm'i> 



(36) 



for all u e K*^. This shows The proof of Lemma [5] is thus completed. 



□ 



The next elementary lemma, Lemma is a direct consequence of Lemma [5] and of p3p in Lemma [S] 
The proof of Lemma [6] is clear and therefore omitted. 

Lemma 6 (Finiteness of discrete convolutions). Let d £ N, a,/3 € [0,oo), v £ Z'^ and let G [l,oo), 
X e R'', be real numbers with A^^ = 1 + (a;i) + ... + [x^) for all x — {xi, . . . , Xd) G M''. Then 
Sfe6Z<i (Afc)°(A„„fc)^ <oo if and only if a + (3 > |. 

The next lemma. Lemma [71 follows from Lemmas |21 El and [51 

Lemma 7 (Regularity of discrete convolutions). Let d E N, a,l3,'y S [0,oo) be real numbers with 
a + P > I 7^ max(a, /3) and let Xx G [1, oo), x £ M"*, be real numbers with Ax = 1 + {xi) + . . . + (xd) 
for all X = (xi, . . . , Xd) £ K''. Then 



sup 



if and only if J < mm{a, f3,a + f3 — ^). 



E 



(A.) 



(Afc)" (Xv-k) 



< oo 



(37) 



Proof of Lemma\]\ Note that SfcgZ'' (xj^ix^.^f = T^kez" (Afc)^(A„„fc)° " ^ ^.l.o.g. we 

assume that a < (3. This ensures that /3 ^ |. Moreover, Lemma [3l and pip in Lemma [5] prove that 



sup 



E 



(A.)^ 



(Afe)" (Xy-k) 



< OO 



4^ 



(7<a + /3-i)A(a<f) V (7</3)A(a-f) V (7 < /?) A (a > f ) 

(^7 < min(a, ^, a + ;3 - 1)^ 
In addition. Lemma [Hand p2p in Lemma [51 show that 



(38) 



sup 



E 



(A.) 



ke^.h\M«K\\k\\j^d<2\\v\\^,i 



(Afe)" (A„_fc)'' 



< 00 



4^ 



(7<a + /3-i) A (/3< f) V (7 < a) A (/3 > |) 

(7 < min(a, a + /? - I)) A < 1) V (7 < min(a, a + /? - |)) A (/3 > f ) 
(j < min(a, a + ;9 - f )) <^ (7 < min(a, ^, a + ^ - f )) . 



(39) 
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Finally, Lemma S] and (1551) in Lemma [S] prove that 



sup 



E 



L/cGZM|fe||g<j>2||t,||g,d 

Combining ([55 | - (pn)) completes the proof of Lemma [71 



< oo M=> 



(7<« + /3-i). 



(40) 



□ 



Corollary 8 (Regularity of discrete convolutions). Let d G N, a, (3 £ [0,oo) and let G [l,oo), 
X G M'', be real numbers with A^^ = 1 + (xi) + ... + {xd) for all x — {xi, . . . , Xd) G K"*- Then 



sup 



< oo for all 7 G [O, min(a, /3,a + /S - ^)). 



2.4 Wick powers of Ornstein-Uhlenbeck processes 

The next elementary lemma is, e.g., similar to Lemma 2.4 in Da Prato & Tubaro T and Corollary 8.3.2 
in Glimm & Jaffe 0. 

Lemma 9 (Expectations of products of Wick powers of Gaussian random variables). Assume the setting 
of Subsection \2.1[ let m d N and let Z = (Zi , . . . , Zm) '■ ^ — > be a centered jointly normally distributed 
random variable. Then 



(:(Zi)"-)-(:(^2)"-)-...-(:(^™)"":)l = E ^ 



e(a)=n 



(41) 



for all n = (ni,...,n„) G (Nq)™. 

Proof of Lemma\^ W.l.o.g. we assume that E[(Zj)2] > for aU i G {1, 2, . . . , m}. Next throughout this 
proof let Zi : 57 ^ R, « G {1,2,..., m}, be random variables defined through 

Z, 



mz^Y]) 



1/2 



(42) 



for all i G {1, 2, . . . , to}. The definition of the Hermite polynomials _ff„, n G {0, 1,2,...}, then proves 
that 



E 

= ("l,"2,---,nm)GNo 



(g„)"- ■E[n::ign.(^»)] 



ni! 712! ... n,„! 



= E 



/ 00 



n ( E ^^"X^o 



ncxp| 

.1=1 



SiZi 



exp 



exp 



exp 



Em / 



E 



exp ^ SiZi 



(43) 



2 2 



Y\ exp(^SiS-,E ZiZj ^ 



i,je{l,2,...,m} 



and the identity e^^"^'^ = X^^o ^^^^nj for all si, S2, c G M therefore shows that 



E 

n— (ni ,n2,...,nr,x)&lo 

(00 
E 



a 



(44) 



E M n is.s,r'- {^\z.z^"'-' 



a6(No) 
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This implies 



■ E 



n! 



E 



e(a)=n 



(45) 



and hence 



E 



En! 
7^ 



e(a)=n 



{E[{Z,r]} ^ .....{E[(Z™)^]} ? 



n 



(i,i)e-p„ 



(46) 



for aU n = (ni,...,n„.) e (No)". The definition of the function 9: U^^i (Nq)^" 
therefore completes the proof of Lemma [9] 



UJ^=i(No) 



□ 



Remark 10 (Wick's theorem). Assume the setting of Subsection \2.1l letm E N and let Z = {Zi, . . . , Zm) : VL 
R™ he a centered jointly normally distributed random variable. Then Lemma\^ implies that 



i[zi ■ Z2 ■ . ■ ■ ■ Zm] — 



aG(No) 



(47) 



e(a) = (14,...,l) 

Equation (1471) is often referred as Wick's theorem in the literature (see, e.g., Proposition 5.2 in Hairer l^I). 

The next lemma is a direct consequence of Lemma IHl 

Corollary 11 (Products of Wick powers of V''^, (yS e $0, in real space). Assume the setting of Subsec- 
tion \2.1\ let m and let n = (rii, 712, . . . , n^) € (No)™\{0}. Then 



E 



Em 
7^ 



e(a)=n 



n 



(48) 



n 



9'=(.,j.r) (^'"^3) 



e(Q)=n -P^xN: (Jj,r)e-^P„XN: 



for all ti,t2,...,tm € xi,X2,...,Xm e [0,27r]'^ and aZZ (^(^^ = (9'i^^)feGZ''; </'^^H'/'fe^^)feGZ''! ^^""^ 

(¥'i™^).GZ^ e $0. 

Proof of Corollary \lll Combining Lemma IHl and equation (|17l) implies that 



E 



(:(y,f')-:)(.O-(:(<'^'r)(-2)-...-(:(C"')""0("") 
e[(: (KT"'(-i)rO • (: {Vf\^4'-) •••■•(: «^'(-«Jr:) 



E 



aG(No)^'" 
e(Q)=n 



n (E[y,:;(:.„.)K:;(^n,) 



(49) 



E S n 



e(Q)=n 



E 
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and therefore 



E 



{:{vf)-^:)i.,)-{:{vfY:)i.,)-...-{:{vtY^-)^^^^ 



( 



En! 
7^ 



ae(No) 
e(a) = 



n 



V 



All ,A;2 , . . ., l — l 



Afe, 



(50) 



n 



e(Q)=n 



(A,/)6 



P„xN: Mi j\i-)e'^ P„ xN 



for all ti,t2, . ■ . ,tm. e M, a;i,a;2, . . . , a^m £ [0, 27r]'* and all ip'-^\ (f''^'> , . . . , e $0. The proof of Corol- 
lary [11] is thus completed. □ 

In the special case m — 2, Corollary [TT] reduces to the following result. 

Corollary 12 (Correlation of Wick powers of V^, ip e $0, in real space). Assume the setting of Subsec- 
tion \2.1\ Then 



E 



ti ) ' 



^1 ■ ^rii ,712 
^1 ■ ^7ii ,n2 



E 

2^fci,...,fc„j^eZ'' llr=l Afc^ 



(51) 



m • r7,2 ^ 
ni • n2 = 



for all ti,t2 e M, Xi,X2 G [0,27r]'', (^(i),^?^^) ^ .j,^ ni,n2 G No. 



Corollary [T^ investigates correlations of Wick powers of , (/3 e $0, in real space. The next lemma 
studies correlations of Wick powers of , (yS S $0i in Fourier space. Its proof makes use of Corollary [T^ 

Lemma 13 (Correlation of Wick powers of , G $0, in Fourier space). Assume the setting of 
Subsection \2.1l Then 



1 



(27r) 



2d 



E 



S /i,...,;„jez'' 

h+...+Kj^=ki 



i=l A,. 



for all ti,t2 e M, fci,fc2 e Z'^, (^(i),.^^^) e $0 a?^c^ all ni,n2 G Nq. 
Proof of Lemma [TSl First of all, observe that 

E 



: m • 712 7^ 
: ni ■ n2 — 



(52) 



E 



(53) 



g-fci (a;i) .9/C2 (2^2) c^a;! da;2 



for all ti,t2 £ M, fci,fc2 G Z'', e $0 and aU ni,n2 G No. Equation ([53]) and Corollary [T^ prove 

([5^ in the case (ni, 712) G (No)^\{(fc, fc) G N^ : fc G N}. Furthermore, equation ([S3]), Coronary[n]and the 
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integral transformation theorem imply that 

E 



"1 ■ 



g-ki{xi)gk2 {x2)dxi dx2 



E 

vi,.... 



g-fei (y + 2:2) gk2 {X2) dy dx2 



(54) 



{o,2TTy 



E 



(1) p-^«rl'l-*2l 



3.. fa)] 



A„, ■...•A„ 



9-kiiy)dy 



9{k2-ki){x2)dx2 



E 



J(0,27r)' 



A„i-...-A„„ 9-ki[y)u,y 



for all ti, t2 e R, fci, fca e Z'', yj^^), ^3(2) ^nd all n€N. This shows that 



9k.,:{vrT)^{9k2,.{vfY-)^ 



E 



= 4i,fc2"!(27r) > / " 7 . .A„ — -9-k^{y)dy 

vi,....Vnei, ^ ' 



(55) 



= 4,,.2«!(27r)'' E n 



Vl ,. . . ,Vri G2 



An- 



t>i+...+t>„=fei 

for all ti , ^2 e R, ki,k2 eZ'^, (^(^^ , .^(^^ € <I>o and ah n eN. The proof of LemmalTSlis thus completed. □ 

The next result, Proposition (TH proves convergence of Wick powers in the case (n, d) e ({2, 3, . . . } x 
{2}) U {(2, 3)}. The proof of Proposition [Til makes use of Lemma [T51 



Proposition 14 (Convergence of Wick powers). Assume the setting of Suhsection \2.1\ and let {n,d) € 
({2,3,...} X {2}) U {(2,3)}. Then there exists an up to indistinguishability unique stochastic process 
: (y)" : : M X — > n^g(_oo,2-(i)C^([0, 27r]'*, K.) with continuous sample paths which satisfies for every 
T,p e (0,00), a e (0, /3 e M with 2a + f3<2~d that 

\\-{Vn'"---iVr^\L^(n,c^a-T,Tic^i[o,2n]^,R)))^^ flS $0,<1 3 -/^ ^ 1- (56) 
Proof of Proposition \14\ We apply Lemma [T^] four times to obtain that 



= nl (27r)^'^(5fci,fe, 



E n 

Ui + ...+i„=/ci 



. , Ai, -i^ Xi. 

2—1 ^ I— 1 



(57) 



= n\ {2n f''^ Ski,k. 



E 



/i....,;„GZ'' 
.;i+...+i„=fci 



(n:uAj 
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for all t E M., E $0 and all fci, ^2 E 11^ . Next observe that 



i=l 1=1 
i-1 



E 



n 



E 



n 



(58) 



<1 <1 

for alH e R, Zi, . . . , Z„ E and all (f^^ E <&o,<i- Combining (|57)) and (|58|) implies that 



sup ^ ■ 



< n\ (27r) 



2d 



for all /3 e R and all (p,tp E 'i'o,^:!- Morever, combining the identity 



E E 



h,...,i„ei,'' 

ll+... + ln=k 



(59) 



E 



li + ...+l„=k 



, (nr.. A,.) 



E 



(60) 



for all k Elf^ with Corollary [5] and with the assumption (n, d) E ({2, 3, . . . } x {2}) U {(2, 3)} proves that 



.ii. (n- , A,.) 



< cx) for all /? e (— oo, 2 — |). This implies that 



E E 



Zi + ...+i„=fc 



(ntiAj 



< CO 



(61) 



for all /3 € (— oo, ^-j^)- Dominated convergence and ([55]) therefore show for every /3 G (— oo, ^3-^) that 



sup ^ ■ 



(g., ,:(V.n": - : (v/ )" :)„ (g., .: (V,^)" : ~ : ( )" | 



Next observe that Lemma [T51 shows that 



as ($o,<i)2 9 ((/?» -> (1,1). (62) 



:(F,^)":-:(T/,f)": 



-i f H 



■iV,tr:-:iV,tr: 



H. 



7,1 I 



(27r)^^4,,fe2E 



(2nr=i(y',)'-4nr=iyi.'Ai,+2nr=i(^i.)')(i-'= 



h+... + i„ = fcl 



<n\{2^f'5k,,k 



E 



L/i+...+i„=fci 



(nr=iAj 



) 



(63) 



E 



/i....,;„ez'* 
.ii+...+;„=fc] 



E 



/i....,;„ez'' 
.;i+...+;„=fci 



(nLiAj 

(DLiAz.) 



|tl - t; 



\2a 



,2a 



iti-t2r 
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for all ti,t2 GM., ki,k2 e Z"^, a e (0, i] and all (p, ijj G $o,<i where we used 1 - e""" < x^" for all a g [0, i] 
and all x e [0,oo) and Y["=i "fh - IlLi '^h < YJi=i Wh - i'h \ for all Zi, ...,?„ e Z'' and all (ys, t/' G *o,<i 
(cf. (l58l) ') in the last but one line of (l63t and where we used (X]"^! -^'if" — S"=i (-^iJ^" foi' G [0, ^] 
in the last line of (|63| . Moreover, Corollary |8] proves that 



E 



feez 



E 



/i....,;„ez'' 
.;i+...+i„=fei 



(nr=iA/j 



2/3 



< OO 



(64) 



for all a S (0, ^^), /3 G R with a + /3 < Dominated convergence and therefore show for every 
a G (0, /3 G R with a + /3 < 2^ that 



sup 



A'l ,^'2 £2 



(^ki^k2) 1*1— *2|^ 



^0 as ($o.<i)' 9 ('^.V') ^ (1,1)- 



Combining (l62t and (l65|) with Lemma [T] completes the proof of Proposition [Ml 



(65) 
□ 



The next proposition is well known in the literature (see, for instance. Da Prato & Zabczyk [5^ for 
related results and references) and its proof is therefore omitted. 

Proposition 15 (Ornstein-Uhlenbeck processes). Assume the setting of Subsection \2.1\ and let d G 

N. Then there exists an up to indistinguishability unique stochastic process V : R x Q ^pe{-oo 

Cp([0, 27r]'', R) with continuous sample paths which satisfies for every T,p G (0,oo), a G (0,^), /3 G R 
with 2a + (3 < 2^ that 



^11 



LP(n;C°([-T,T],C^([0,27r]<i,: 



^ 



(66) 



Proposition [Ml shows convergence of Wick powers in the case {n,d) G ({2,3, . . .} x {2}) U {(2,3)}. 
In the case (n, d) G ({3, 4, . . . } x {3}) U ({2, 3, . . . } x {4, 5, . . . }), Wick powers do not converge anymore. 
This is the subject of the next lemma. In the case d = n = 3, a statement similar to the next lemma has 
been formulated in Section 7 in Da Prato & Tubaro [4. 

Lemma 16 (Divergence of Wick powers). Assume the setting of Subsection \2.1\ let d G {3,4,...}, 
n G {2,3,...} be natural numbers with d+n > 6 and let Co,Ci, . . . , C„_i : $0 ~^ R &e arbitrary functions. 
Then it holds for every v and every t G R that 



E 



n-l 



?.,(^^*T-E^^(¥')-(^*^)' 



fc=0 



H 



$0 9 <y5 ^ 1- 



(67) 



Proof of Lemma [751 Throughout this proof let Co,Ci, ■ ■ - Cn- $0 ^ R be the unique functions satisfying 
(70(0) = -Co(0), Ci(0) = -Ci(0), . . . , C'„_i(0) = -C„_i(0), C„(0) = 1 and 



r;"-^Cfc(^)-a;^=^Cfc(^) 



k=0 



k=0 



E^ 




for all a; G R, (/3 = {ipv)vei,'' G *i'o\{0} and all t G R. This ensures that Cn{f) = 1 and 



^C,(^).(K^)'^=^Cfe(^).(:(K^) 



A:=0 



fc=0 



(69) 



15 



for all e $0 and all t e M. Lemma [T^ hence implies that 



E 



Tl-l 



fc=0 



\ fc=o 

k,l=0 
n 2 



H 



> 



k=0 



n\ (27r) 



2d 



E n 

ii i^ez"^ U=i 

.ii+...+i„=t) 



> 



(7„M E[|(5.,:(Fr)":)^l' 



(70) 



E 



A;, • . . . • A;, 



for all u e Z'' and all G $o- Next note that the estimate 

1 



E 



, , ,3 A,,A,,A(„_i,_i,) ^^3 3(l+l|/l||J^3)(l + ll'2|l|3)(l + ll'llll3 + ll'2ll^3 + lklll3) ^ 

for all w G Z'' together with the assumptions c? > 3, n > 2 and + n > 6 and Lemma IH] implies that 

1 NT^ 1 



(71) 



E 



E 



A,, • . . . • A,„ Az, • . . . • A,„_, • A(,_,,_..._i„_,) 



oo 



(72) 



□ 



h + ...+l„=v 

for all V £ Z"^. Combining this with ([70)1 completes the proof of Lemma [T51 
2.5 Averaged Wick powers of Ornstein-Uhlenbeck processes 

In the previous subsection it has been proved in the case d = 3 that for every t e M the family : {V^^)^ :, 
ip G ^o,<i, does not converge as $o,<i 3 — > 1 G 'i'o,<i (see Lemma I16p . In this subsection we prove 
in the case d = 3 that for every (io,t) G {(so,s) G : sq < s} the family o{Vt^ t)^o = J^^ : {Vff : ds, 
(p G <I'o,<i5 does converge as 'I'oxi 3 f^o 1 G $o,<i (see Proposition [TO)) . 

Lemma 17 (Correlation of averaged Wick powers of (p G $o, in Fourier space). Assume the setting 
of Subsection \2.1[ Then 



{2n) 



2d 



E 



.9..°(<::;)"^°)^(.9..o(<:::)-o)^ 



h + ...+l„i=ki 

/or a/Z fci, fc2 G Z*^, ^^^"^ S 'i'o; "-i, "-2 G No and all to, ^1,^2 G R wit/i to < min(ti, ^2)- 

Lemma [T71 is an immediate consequence of Lemma ITOl and the proof of Lemma [T71 is therefore omitted. 
Lemma 18 (Time integrals for averaged Wick powers). Assume the setting of Subsection [K7[ Then 



ti rt2 



_ 2(min(t 



(74) 



to J to 



and 



(ti-to) 1-e 2 



< 



^0 -^^0 



ds2 dsi = ^ (e-=(*i~*«' - [1 - (tl - to) c]) < 



2 (tl - to)' 



„{2-e) 



(75) 



/or c G (0, c»), G [1, 2] a«d aZZ to, ti, t2 G M with to < min(ti, t2). 
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Proof of LemmaWR Note that 



to J to 



/io Jig '^^0 

and hence 



'to 'J to 

nti pS2 



^{{ui,U2)m'^: ui<U2<ti}{^li^2) ■ e ""'^^ dSidS2 



for all c € (0, 00) and all to, ^i, ^2 e M with io < < ^2- Combining (17H])-(I7H1) results in 

-0 

2(<i-<o) 2 (e-=(*i-*«' - 1) (1 + e-'=(*2-*o) - e-'^^*^^-*!) - e-'^^*!-*")) 

^ 9 ^ 9 

c c 

_ 2 (ti - to) (e-=(*i-*«) + e-'^^*^-*") - 1 - e-=(*2-*i)) 
c 

for all c G (0,00) and all to,ti,t2 G K with to < ti < ^2- In addition, observe that 



|y|(i 



62 











f 


J e'^du 


'V 





(76) 



(77) 

'to Jto C C 

for all c € (0, 00) and all to, ti, t2 G M with to < ti < t2. Furthermore, observe that 
l{(«i,ti2)eR2: ui<ti<«2}('5i: S2) • e"''!'*!"'*^! ds2 dsi 

e-=(^-^^) dsi = / ^ ^ ds2 (78) 

_ (g-c(t2-tl) - 1) + (e^'^f'^-to) _ g-c(ti-to)j _|_ g-c(t2-to) _ g-c(t2-tl) _ g-c(ti-to) 



(79) 



l-e*rfs< / l-e"ds< / 1 - e'* ds 

ds (80) 



for all y € (—00, 0] and all 6 E [0, 1]. Combining this with ([7^ completes the proof of Lemma [TSl □ 

The next result. Proposition 1191 establishes convergence of averaged Wick powers under the assump- 
tion that n, d e {2, 3, ... } with > |. The proof of Proposition [T51 exploits Lemma[l] Lemma [T71 and 
Lemma [TSl 

Proposition 19 (Convergence of averaged Wick powers). Assume the setting of Subsection \2.1[ let 
to G M and let n,d & {2,3,...} with > |. Then there exists an up to indistinguishability unique 
stochastic process 

o (^t„,(.))" ° : [to, 00) X ^ n^e(_^,i+i_ „,in(i+i-f o))C^([0> 27r]^ M) (81) 

with continuous sample paths which satisfies for every T G (to, 00), p £ (0,00), a G (0,1) and every 
13 G (-C30, 1 + i - f + (n - 1) min(l + i - f , 0)) that 

ll°(^tI(.))"°-°C^*o,(-))"°llLP(0;C=([to,T],c^([o,2.]^R)))^0 as $o,<i 3 ^ ^ 1. (82) 
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Proof of Proposition \19[ Lemma [T7] and Lemma [TH] imply 
1 



(27r 



,2d 



E 



n\Sk 



ki,h 



n\Sk 



fcl ,fc2 



E 

... + lr 

E 

il + ...+(„ = fe] 



i=l A,. ^1L=1 A,. "i"lli=l A,. 



ii,...,;„ez° 
;i+...+i„=fci 



ii,...,;„ez" 
;i+...+i„=fci 



(nr=iAj 
(nr=iAj(Er=iAj 



(83) 



h,...,l^£Z'^ 

ll + ... + lr,=kl 



for all fcl, /c2 G and all i, i g R with t < t. Next note that Corollary [S] ensures that 



sup 



E 



.;i+...+/„=fc 
1 d 



< 00 



(84) 



for all 7 e (0, 1 + i + (n — 1) min(l + ^ — |, O) ) and therefore, we obtain that 



2/3 



E\ " (Afci) 
^ /n" ex 

ii + ...+i„=/ci 



< oo 



(85) 



for all /3 e ( - 5 + ^ + - l)min(i + ^ - |,0) - |). Combining this, ([83]) and dominated 



convergence implies for every /3e ( — 00,^ + ^^ — | + (7i — 1) min(i + ^ — |, O) ) that 

;(g.,,o(^J"o-o(K^)"o)~(,.,.o(K^)"o-o(v^J"o)J ^ ^ 



sup ^ ■ 



(t-t)-(Afc^Afc,)- 



(86) 



as (^•o,<i)^ 3 {^-.i^) ^ (1; !)■ In the next step observe that Definition (|22l) implies that 



E 



■ (5fe2 



H 



H 



(87) 



for all fci,fc2 e Z'', ip^ip e $o,<i and all ti,t2 G M with t < ti <t2- Combining this with ([M]) shows for 
every /3e ( - (x^, i + ^ - | + (n - 1) min(i + ^ - |, O) ) that 



sup ^ 

ti,t26[t,oo), VkiM^'i 



V,"* )"ol\ 



(Afc^Afc2) Ki— ^2! 



as ($o.<i)^ 9 (<Pi V') ^ (1; !)■ Combining and with Lemma [T] completes the proof of Proposi- 
tion [13 □ 

Proposition[T3shows convergence of averaged Wick powers under the assumption that n,d G {2, 3, . . . } 
with ^^±1 > |. Lemma \TT\ below, in particular, proves that averaged Wick powers fail to converge if 
n,d G {2, 3, . . . } with < |. In the proof of Lemma \TI\ the following lemma is used. 
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Lemma 20. Assume the setting of Subsection \2.1\ and let n,d <E {2,3,...} with < |. Then 



;i+...+i„=u 
Proo/ o/ Lemma [23 Note that 

E 

n ' 



1 



(nL.A.)(A„ + EL.AJ 



1 



> 



/i....,i„ez'' 

ll + ... + lr,=V 



> 



1 ^r^ 1 



E ^ 

ii,...,i„ez'' (\v + \v~h-...-K} + J2'Li Aii ) 
:i+...+i„=v ^ ' 



(n+l) 



(n + 1) 



(«+i) 



E 



ii,....i„e: 
(i+...+i„ 



> 



1 



(n + l)) 



(n+l) 



(a. + A, 
E 



(n+l) 



(89) 



ii,...,/„e 
./i+...+i„ 



-If ^ 



(n+l) 



(2A, (n+l))("+i) 



E — 

feez<'("-i) (l + ||fc||^,(„_i,) 



(n+l) 



for all w e Z''. The proof of Lemma EUl is thus completed. 



□ 



Lemma 21 (Divergence of averaged Wick powers). Assume the setting of Subsection \2.R let n,d £ 
{2, 3, . . . } with < I and Zet Cq, Ci, . . . , C„_i : $o ^ K &e arbitrary functions. Then it holds for 

every w G Z'^ and every to,t E M. with to < t that 



E 





2" 











— oo as $0 9 (f^" — ^ 1- 



(90) 



Proof of Lemma[2l[ Throughout this proof let Co,Ci, . . .Cn - Rhe the unique functions satisfying 

(70(0) = -Co(0), (7i(0) = -Ci(0), . . . , C'„_i(0) = -C„-i(0), C„(0) = 1 and 



r;"-ECfc(^)-a;*=X^(7fc(^) 



fc=0 



E 



(91) 
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for all X e R, tp e $o\{0} and alH G M (cf. dBS])). Then Lemma [T7] and Lemma HH] imply that 

•^*o V k=0 J Ih k=0 \ -^to Ih 



k,l=0 



k=0 



> 



E 



n! (27r) 



2d 



2 jn(-)!Urr. 



ii,...,/„6Z'' VJ=1 
lh + ...+l„=v 



(92) 



> n! (27r) 



2(i 



E n 



h,....i„ez'' V«=i 
Ui+...+i„=f 



> n! (27r) 



2d 



E 



ii+...+i„=D 



n:Li(^/.)') (^-^o)( 
(nr=iAj(A„+Er=iAj 



(*-*o) 

1 — e 2 



for all V E Z"^ , to,t ^ M. with to < t and aU € $o- Combining this with Lemma [20l completes the proof 

□ 



of Lemma [211 



2.6 Convolutional Wick powers of Ornstein-Uhlenbeck processes 

Lemma 22 (Correlation of convolutional Wick powers of V"^, ip E $0: in Fourier space). Assume the 
setting of Subsection \2.1\ Then 



{2n) 



2d 



E 



JT-l! ^ni,n2 '^fcl,fe2 ;i,...J„j eZ'' 

(l+...+i„J=fcl 



(nriiA,,) 

J— oo J— oo ^ ^ 

for all ti,t2 e M, fci,fc2 e Z'^, (^(i),!^^^) ^ (jj^^ ^^^^ ni,n2 G Nq. 
Proof of Lemma \22i Combining the identity 
1 



: nin2 7^ 
: nin2 = 



(93) 



(27r 



,2d 



E 



H 



tl /•t2 



E 



g-Afcj(tl-Si) g-Afc2(t2-S2) 



r)"^)^(.9.2,:(v;fr%. 



(94) 



00 ^ — 00 



(2^) 



2d 



for all (p^^\(p^^'> G $0j A:i,fc2 e Z'', ni,n2 e No and all ^1,^2 G M with ti < t2 with Lemma [T3] completes 
the proof of Lemma [22l □ 



Lemma 23 (Time integrals for convolutional Wick powers). Assume the setting of Subsection [K7\ Then 

(95) 



tl /•t2 



-a(ti —Si+t2—S2) — b\si —S2 I 



ds2 dsi — 



fe-Ht2-tl) _e-<^(t2-tl)\ 

^-^(t2-ti) 1^ ia-b){a+b) '■"'^^ 



00 J —00 



a{a + b) I (t2-ti)e-°('2-*i) 



a — b 



and 



f f e-'''^^'-''-'-'^-''\'''-''^Us2dsi = 
J -00 J -00 a(a- 



(a + 6) 



(96) 
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for all a,b Cz (0, oo) and all t,ti,t2 G M with ti < ^2 • 
Proof of Lemma[23[ First of all, note that 
rti ft2 



— oo ^ — oo 

tl ptl 



— oo ^ — oo 
tl psi 



— oo ^ — oo 



that 



f,-a{tl+t2-2si) g-a(t2-ti) _ g-a(ti+t2-2to) 

(a + 6) ^ 2a (a + 6) ' 



oo — oo 

tl /.tl 



l{(ui,u.)eB-ui<«.}(si,S2)-e-"(*^-^i+*^-^^)-''l^^-^^lds2dsi 

CXD — oo 

l{(ni,n.)eM- «.<«i}(=Sl, S2) ' g-'^^*! I d^i 

oo — oo 

a(t2-il) _ g-a(ti+t2-2to) 



2a (a + b) 



and that 



/ ' / ' l{(ui,„.)eR- «i<ti<«.}(si,S2) • e-"(*i-^i+*^-^^)-''l^^-^^l ds2dsi 

J —OO J —OO 

^-a{t,-si+t2-S2)-b{s2-s,) 



-co J —CO 

rt2 rti 



' tl <y —oo 

f e-''(t2-tl)_g-"(t2-*l) , , 



(^^-a{t2-S2)-bis2-ti)"^ ds2 = 



(a + b) \ J (f,-ti)e-°('2-tl) . „ _ 7, 

L (a+6) . a - 

for all ti,t2 e R with h <t2. Combining ^-^^ proves that 



/tl i't2 p — a(t2-fi) 
/ g-a(fi-.i+f2-.2)-&N2-.l| dsi = — + < 

-ooJ-oo a[a + b) 



^-a(t2-n)_^-t(t2-n) , , 

(a-b){a+b] ■ a 7^ 

(t,-t,)e-°(t2-*l) . „ _ ^ 

(^+b) . a - b 



(97) 



(98) 



(99) 



(100) 



for all tl, ^2 G R with ti < t2- The proof of Lemma is thus completed. □ 

The next proposition proves convergence of convolutional Wick powers under the assumption that 
n,d & {2, 3, . . . } with > f ■ Its proof uses Lemma Lemma [23] and Lemma [1] 

Proposition 24 (Convergence of convolutional Wick powers). Assume the setting of Subsection \2.1\ and 
let n,d £ {2,3,...} with ^i±i > ^. Then there exists an up to indistinguishability unique stochastic 
process 

. (y)". : M X r! ^ n^e(_oo,2+^)Cp([0' 27r]^ M) (101) 

with continuous sample paths which satisfies for every T,p £ {0,oo) and every a £ (0, i), /3 G R with 
2a + P<2 + ^i^^ that 



'("^T---(^r-llLp(n;C"([-T,Tl,<([o,2.]^R))) as $oxi 3 <^ ^ 1- (102) 
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Proof of Proposition \24\ Lemma [221 and Lemma [23] imply 



1 



(27r 



.2d 



E 



...i„l 

E 



ii,....i„ez'' 
i+...+i„=fci 



nLi^-2nLi^+nLi 

J — oo J — oo ^ ^ 



= nl 4i,fc2 



il+...+i„=fc 



. (nr=iAjAfe,(A,,+Er=iA/.) 



(103) 



< 



max(4— 



E 



ii.....inez'' (nr=i(A/i! 

.h + ...+l„=ki 



i+- 



for all fci, ^2 G Z"^, i e M and all (^,?/; e $0- Next note that Corollary [Sj ensures that 



sup 



E 



./i+...+;„=fe 



(ni,(A.,)('*"=^>) 



< oo 



(104) 



for all 7 e ( — oo, | + inm{d — 2, 1) + n (l — |) ) . Therefore, we obtain that 

/< x(2/3-max(4-d,l)) 



E E 



i+...+;„=fci 



< 00 



(105) 



for all (3 E ( — oo 



^ y . Combining this with p03p and dominated convergence shows for every 
e ( - oo, 1 - that 



sup 



E 



I ^ ' ^ ' ' ' L±AJ«^^o as ($o,<i)2 9 (<^,^)^ (1,1). 



(Afcj Afcj) 



■ fci,fc2GZ<' 

In the next step let : — > M, /ci, Zi, . . . , Z„ £ 1/ ^ be functions defined through 



hki,h,...,i„{ti,t2) 



ti rt2 



l(tl-Sl+f2-S2)-(Er=lA,Jkl-S2|^52 dSl 



(106) 
(107) 



— oo ^ — CX3 



for all ti,t2 € R and all ki,li, . . . ,ln G Z''. Then observe that Lemma [231 implies that 
hki,ii,...,u{ti,ti) — 2hki,ii,...,i,^{ti,t2) + /ifei,ii,...,;„ (^2, ^2) 

' £-(£?=! ^!i)(*2-tl)_g-Afcj(t2-tl) 



2(l-e-^^'i(*^-*i)) 
Afc, (Afe, +Er=iAJ 



2- < 



(A.i-Er=iA^)(A,,+ELiAO • '-^1 ^^-1 
I (A.i + [Er=iA,J) 



■ Afci 7^ Al 

■ A/ci = EiLi Aii 



(108) 



^ 2(i-e-A>=ife-*i)) ^ 2 {Xk,f" ih - ti)'" _ 2 (Afej(2"-i) (^2 - ii) 



2a 



Afc, (Afe, + Eti A J - Afc, (Afe, + Eti Ai.) (A,, + ELi AJ 
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for all ki,li, . . . , In £ Z"*, a S [0, i] and all ti,t2 eM. with ti < t2- Lemma [22] hence shows that 



1 



(2^) 



2d 



E 



9-ki , 



n 



ii+...+i„=fei 



(nr=i(v!,)^-2n?=i v!i'/'ii+nr=i(V'i,)^)('»i-i.ii.-.-,i„(*i.ti)-2'>fci,ii i„(ti,t2)+?>fci,!i i„(t2,t2)) 



(n?=iAi 



(n"=l Vi; -n"=l V";; ) ('ifci,! !,-.-,!„ (t 1 , 1 1 ) - 2/lfc ^ ,lj,..._l„ ( 1 1 , 1 2 ) + j , 1 j , . . . , i „ ( < 2 , * 2 ) ) 

ii+...+i„=fci 



< (n+ l)!4i.fc2 



E 



h....,i„ez'' 

.h + ...+l„=ki 



< 



{n+ I)!4i,/C2 



(max(4-d,l)-2ct) 



(nLi'^^.-nLiV'j'(Afej 
(n:iiAj(A.,+Er=iA^ 



(nr=i - nr=i V'/, 



(2a-l) 



it2 - hY 



y 



.ii+...+i„=fci 



(i2-ti)' 



(109) 



for aU ki,k2 e Z'^, (/3, £ ^'o,<ij a G [0, 5] and all ii, ^2 G M with ti < t2- In addition, Corollary[5]ensures 
that 



sup 



E 



(AfeJ^ 



;i,..../„ez'' (nr=i(Ai,! 

./i + ...+i„=/ci 



°(rf-2,l) 



< 00 



(110) 



for all 7 e ( — 00, 1 + mm{d — 2, 1) + ?i (l — |) ) . Therefore, we obtain that 

s (2a+2^-inax(4-(i,l)) 



(A 



ki J 



-1. ^ 



i+- 



h + ...+l„=ki 



< 00 



(111) 



for all a, /3 e M with a + /3 < 1 — Combining this with (|109p and dominated convergence implies 

for every a e [0, i], ^ G R with a + /3 < 1 - ifL^ that 



sup 
«i,«2eR 

tl#t2 



E 



as ($o,<i)' 3 iv.i^) ^ (1,1)- 



Combining (I106P and (jll2l) with Lemma [T] completes the proof of Proposition [24l 



(112) 
□ 



Proposition [23] shows convergence of convolutional Wick powers under the assumption that n, d € 
{2,3,...} with 2i±i > |. In the case n, d e {2,3,...} with < |, convolutional Wick powers fail to 
converge. This is the subject of the next lemma. 

Lemma 25 (Divergence of convolutional Wick powers). Assume the setting of Subsection \2.H let n,d £ 
{2, 3, . . . } with ^i^^ < I and let Co, Ci, . . . , C„_i : $0 ~^ K &e arbitrary functions. Then it holds for every 
V and every i G M that 



E 



[ e^(*-^) (Vfr - E C^(^) • (^^n' ds 

V fc=0 / 





2" 










)i 




— > CX3 


as 


$0 3 <<3 - 


^ 1 















Proof of Lemma [2R Throughout this proof let Co,Ci, . . .Cn- $0 — ^ 1^ be the unique functions satisfying 
(70(0) = -Co(0), (7i(0) = -Ci(0), . . . , Cn-i{0) = -C„_i(0), C'„(0) = 1 and 



."-^Cfc(^).a;^=^(7fc(^) 



fc=0 



fc=0 



E 



(114) 
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for all a; e R, e $o\{0} and alH G R (cf. dBH])). Then Lemma [H implies that 



E 



9v, 



n-l 



:,Mt-s) 



fc=0 





2" 











E 



E 



ds 



H 



fe=0 



n! (27r) 

a7 



2d 



E 



(nLi(¥'/.r 



ii /„GZ'' 



(n:iiAj(A„+E:uAj 



(115) 



for all i e R, u € Z'' and all (^s G $o- Combining this with Lemma[20lcompletes the proof of Lemma[25] □ 
2.7 Summary 

The following table briefly summarizes the results of Proposition [T4j Proposition [19] and Proposition [24] 
and of Lemma [TH] Lemma [5T] and Lemma Recall that the main arguments for the results from 
Propositions UM IT^ and [Ml presented in the table are certain summability properities; see ([57]) and ([5T|) 
in the case of Wick powers, ([55]) and ([55)) in the case of averaged Wick powers and (jl03p and (jlOSp in the 
case of convolutional Wick powers. In the table e G (0, oo) is an arbitrarily small positive real number, 
is an abbreviation for Cp([0, 27r]'^,R) where a G R and c? G N and the expressions WP, AWP and CWP 
are abbreviations for Wick powers, averaged Wick powers and convolutional Wick powers respectively. 
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WP: 


No WP 


No WP 


No WP 


No WP 




n = 5 


AWP: 

pl/b-e 
Op 


No AWP 


No AWP 


No AWP 


No AWP 






CWP: 

Up 


No CWP 


No CWP 


No CWP 


No CWP 






WP: 

O-p 


No WP 


No WP 


No WP 


No WP 




n = 4 


AWP: 

Op 


AWP: 

p — l—e 
Up 


No AWP 


No AWP 


No AWP 






CWP: 

l-y2-e 
Up 


CWP: 

Up 


No CWP 


No CWP 


No CWP 






WP: 

Up 


No WP 


No WP 


No WP 


No WP 




n = 3 


AWP: 


AWP: 

p-l/2-e 


No AWP 


No AWP 


No AWP 






CWP: 

Up 


CWP: 

^l/2-e 


No CWP 


No CWP 


No CWP 






WP: 

r,-e 
Up 


WP: 


No WP 


No WP 


No WP 




n = 2 


AWP: 

Cp ^"^ 


AWP: 


AWP: 

Q — l—e 


AWP: 

Q-2-e 


No AWP 






CWP: 

Up 


CWP: 

nl~€ 
Up 


CWP: 

r,-e 
Up 


CWP: 

p — l — e 
Up> 


No CWP 






d = 2 


d = 3 


d = 4 


d = 5 


d = 6 





3 Stochastic partial differential equations (SPDEs) 

3.1 Local existence and uniqueness of mild solutions of deterministic nonau- 
tonomous partial differential equations 

This subsection investigates local existence and uniqueness questions for mild solutions of deterministic 
nonautonomous evolution equations of the form 



d_ 
dt 



x{t) = Ax{t) +^Fi{t,x{t)) 



(116) 



i=l 



on a real Banach space (C/, for t G [to,T] where to,T £ R are real numbers with to < T, where 

A: D{A) C J7 — >■ [/ is a negative generator of a strongly continuous analytic semigroup, where n e N is 
a natural number and where Fi, . . . ,Fn are suitable functions that are locally Lipschitz continuous on 
appropriate spaces. 

To investigate these questions, we impose the following setting. Throughout this subsection, let 

([/, be a real Banach space, let A: D{A) C U ^ U he a negative generator of a strongly continuous 

analytic semigroup on U and let {Ur, := {Dd-AY), \\i-AY{-)\\^) for all r G M. Next define 



sup 
te[to,T] 



ato,T]) - 



WMlu^. + sup 



\\F,{t,x)-F,it,y)\\^j^ 



^,ye[^max(fl„^,) (l + ||a;|| ' \\x - y\L, 



e [0, oo] 



(117) 
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for all F = e C{[to,T] X f/max(/3i,7i): C^aJ X ... X C{[to,T] X C/„,ax(/3„,7„)>C^aJ- " 

{ai,...,a„),/3 = (/3i,...,/3„),7 = (7i,.-.,7«) € E", (5 - (<5i,...,5„) e [0,c»)", to e (-c^,r), T e 
and all n £ N. Furthermore, define 



X C([io,r] X t/^ax(/3„,7„)>t^oj) : ll^llc:,,,^,,([to,T]) < (^S) 

foralla= (ai,...,a„),/3 = (/3i,...,/3„),7 = (7i,...,7„) G M", (5 = ((5i, . . . , 5„) € [0,oo)",to e (-oo,T), 
T e R and all n G N. Observe that the pairs {C'^,p^^,s{[h,T]), \\-\\(,,. ,([to.T])) for "'/3'7 ^ 
(5 e [0,oo)", to € (— co,r), T S R and n G N are normed real vector spaces. In the next step define 



C/3,7,5([^o,oo)) := |(Fi,...,F„) e (C([to,oo) x C/,„ax(/3i,7i)' ^"i) X ■■• 

X C([io,oo) X C/max(/3„,7,.)''^«,.)) : (v T G (to,oo): 

ll(^l|[to,T]xC/„,,(^^,^^),---,i^»|[to,T]xC/„,,(3^..,„))||c2,3,^.,([to,T]) < | (119) 

for all a = («!,...,«„),/? = (/^i,.- .,/?„), 7 = (7i,---,7») e R", (5 = ((5i,...,5„) € [0,c5o)", to e R 
and ah n G N. Moreover, we equip C/3,7,5([*o, oo)) with the metric dc^|,.,,([to,oo))^■ ^^^^^^^^([to, oo)) x 
'^2,/3,7,5([^o,oo)) [0,cx)) defined through 

^C2,,,,,,([*o,oo))(^, G) ^ min(l, || {{F, - Gi)|[,„ 



k=l 



for aU F = (Fi,...,F„), G - (Gi,...,G„) G Q^,^,i([to, c^)), « = (ai,...,a„), /3 = . . . , /3„), 
7 = (71, . . . , 7„) G R", (5 = (i5i, . . . , 5„) G [0, 00)", to G R and aU n G N. Finally, note that the triangle 
inequality and the definition of ||i^||^„ ^ ^([to t]) imply that 



\\F,{t,x)\\,j^_ < \\F,{t,x) - F,{tM\u^. +\\mM\u^ 



< 



||f.(t,y)-F,(t,0)|| 



+ 11^11^..) (121) 



^ Utiles.,.. .([*o,T]) (i + li^ll?;,.)(i + li^lk,. 



for all t G [to, T], X G C/n,ax(ft,7.)' « e {1, 2, . . . , n}, = (Fi, . . . , F„) G C2 ^ ^ ^([to, T]), a = (ai, . . . , a„), /? = 
(/3i,...,/3„),7= (7i,...,7„) gR", (5= (Ji,...,J„) G [0,00)", to G (~oo,T), TGRand aU n G N. 

Lemma 26 (Local existence and uniqueness of mild solutions). Assume the setting in the beginning of 
Subsection[K7l let ro,to G R, T G (to, 00), v G Urg, neN, a= (ai, . . . , a„) G R", /3 = (/?i, . . .,/?„), 7 = 
(71, . . . ,7„) G [ro,oo)", S = {Si, ...,Sn)e [0,00)", ri G [max(/3i, . . . ,^„,7i, . . . ,7„), 1 + min(Q;i, . . .,«„)) 
wzt/i maxig{i^...,„}[7j - min(Q;i,ro) + Si{Pi - ro)] < 1 and let F = (Fi, . . . ,F„) G C^^/j, 7,5(1*0, I'D- ^/len 
t/iere exist a real number t G (to,T] smc/i that there exists a unique continuous function x: [to,T] — !■ C/,.j, 
satisfying x\(^to,T] e G((to, t], C/^ J, sup3g(t^^^] (s - to)''^'"'''''' ||x(s)||;7,^ < 00 and x{t) = e-^^*"*") ^ _^ 
ELi /«*„ e^'*''^ ^^(s: ^(*)) V i e [to, r]. 

Observe that all integrals appearing in Lemma [511 are well-defined. Indeed, under the assumptions 
of Lemma 1261 it holds that if t G (to,F] and if x: [to,T] — > Urg is a continuous function which satisfies 
x\(ta,T] G C{{tQ,T],Uri) and sup5g((jj (s — to)*"' ||a;(s)||(7_, < 00, then p2ip and interpolation (see, 
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e.g., Theorem 37.6 in Sell & You [12]) imply that 



. ds 



< \\F\\ 



< wn 



([to,T]) 



sup 

sG(0,T-to] 



sup - 

se(0,T-to] 
-5. 



„(oi-ri,0) 



n(ai-ri,0) 



*(i + lk(^)fj,.)(i + lkMlk.J 

sup J ^ 



ds 



(122) 



j-^ _ ^ynax(ri-ai,0) _ ^^■j(7i-'-o+5i(^i-ro)) 



ds < oo 



for all t G [to, r] and all z G {1, 2, . . . , n} where we used ri < 1 + minjg|i „} < 1 + Q^j and "fi ^ tq + 
Si{/3i — ro) < 1 ior all i E {1,2, ... ,n} in the last line of (jl22p . We now present the proof of Lemma [26l 

Proof of Lemma [2Si Lemma [26l follows from an application of the Banach fixed point theorem. For this 
several preparations are needed. First, let k G [0, od) be a real number defined through 



1 n 

EE 

J=0 i=l 



silto-T]) 



E^^ 



(4+|ro| + |ri |+maxig{i^ „j |Qi|) 



min(l + a,; — rj, 1) 



+ -B(l+min(Qi-rj,0),l+'-o-7>+<5i('-o-ft)) 



max max sup 

je{0,l} Oe{ro,ri,ai,...,a„} t^(^tg X] 



{t — ^^^"^'^('"J-^'O) 11 A(t-to)| 



L{Ue,Ur-J 



(123) 



max sup 

ee{/3i,...,/3„}„g[/,,^ 

U{7i,...,7„} y^o 



V 



(i+EILi-J.) 



< 00 



where B : (0, cx))^ — (0, oo) is the Beta function defined through Bf^^^y-^ :— (1 — s)*-^"^'' s^^"^-' ds for 
all x,y € (0, oo). Observe that the quantity k is indeed finite; see, e.g.. Theorems 37.5 and 37.6 in Sell & 
You [12]. Next define real vector spaces £[to,T] C C{[to,T], Urg), t G (to,T], through 



^[to,r] ■= {x e C{[to,T],Uro): 



x\{to,T] G C{{to,T],UrJ and 
suptg(t„^,] (t-to)^'''"''''^||x(t)||t;^^ <(X) 



(124) 



for all T G {to,T], define norms IMIfj^ ^ : ^[to.r] — ^ [OjOo), t G {to,T], through 



'[to 



3=0 L 



sup 

te(to,r] 



for all T G {to,T], define sets f[to,T],u C £[to,T], t E {to,T], v E Urg, through 



(125) 



(126) 



for all T G {to,T] and all v G t/r-o and define mappings ^[to,,-] — ^ '^[to.-r]; G (to,?"]! f G Urg, 

through 

(127) 

for all t G [to,'''], X G iS'[to.r]j G (^Oj^] and all v G J7ro- Note that (|122p ensures that the mappings 
^[to,T],v, T G (*0i G Uro, are well-defined. We now establish a few estimates for the mappings t],-ui 



{^[U>,rl.x){t) e-4(t-to) „ + ^ / e^(*-^) F,(s, a;(s)) 

, = 1 "'to 
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T G {to,T], V G Ura- First, observe that 



i=l "'*o 



min(ai —rj ,0) 



ds 



niin(l + Q:i-rj,l) 



for all j e {0, 1}, t e {to,T], T e (to, 7"], V e J7ro and hence 



for all T e (to,T], € Urg. In the next step observe that 



" pt 

(*[to,r],.a;)(t)-($[to,.],.y)W||^ <E/ ||e^^*-')[Fi(s,x(s))-Fi(s,y(s))]||^ 

i=l Jto 



< 



E 



" ft 

^E / (t-s)™("*-''^'°^ 

i=l -^'o 
" pt 

i=l 

,-—1 -^in 



i=i(s,a;(s)) - Fi{s,y{s))\\jj^ ds 



(/•^z-r-o).5i 



ds 



and therefore 



{t-toY''' ""^ \\i^[to,rlvXm - i'f[to,r],vym\\^j 

<K\t- tof^-^°^ \\x - y\\,^^^^^ E / - 

i=l -^'o 



((s-to)('-°-^') + (,s-to) 



('•o-7i+'5i(''o-/3»)) 



<K^{t- to) 

•E/ 



[to.*]. 

\x-y\\e 



ds 



■[*o.*] 



, _ ^^^(l+min("i.'"j)-7i+'5i('-o-/3i)) ^ 



a; — 



'(l+iniii(c«i-rj,0),l+'-o-7*+'5i('-o-/3i)) 
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and hence 

< {t — ig)™™ie{i.- -."}[l~(Ti~"""("''''j)+'5i(0i-'-o))] 



1 



■[to.t] 



[to.*l 



|a^-y||f 



[to.'l 



5(l+min(Q,-rj,0),l+ro-7i+'5!(''o-ft)) 

.1=1 



< 



(132) 



[to.tj 



for all j e {0, 1}, t e (io,'r], x,y e £ito,r], t € (to,^], v e Uro- Hence, we get 



||*[to,r].«(a;) - $[to,r],^(y)||£ 
< ^8 ^.j. _ ^^-j[l-maxie{i „}(7i-min(ai,ro)+5i(/3i-ro))] 



(133) 



"-['O.T 



1*0.^1 



for all x,y & f[to,r]i v G C^ro: ■T' G {to,T]. Combining (|129l) and (|133p results in 

\\'^lto■r]A^)\\s^,^_^^ ^ ||$[to,r],i,(a;) - $[to,r],i,(0)||£j^^_^j + ||*[to.r],, 
< ^8 (r-to)[^"'"^''-^(l „}(7.-min(a„ro)+d-.(ft~ro))] 

+ '^'(1+II«I|[/,J 

for all X G £[to,T], V G Ura, T e (io,T]. The assumption 

max [-y, - min(ai, tq) + 6i {(3, - ro)] < 1 

i6{l,...,n} 



bll 



-[to.^l 



(134) 



(135) 



together with inequalities (|133p and (|134p implies that there exists a mapping p: Urg — > (ioj?"] such that 



\^[to,p{v)],v{x)\ 



< l + /^'^(l + ||t;||c;^J 
1 „ 

< o \\^~y\\. 



(136) 



for ah x,y e £[to,p(v)],v, v € Urg. This ensures that ^[to,p{v)],v{£[to.p{v)],v) C £[to,p{v)],v for all w G t/ro- The 
Banach fixed point theorem hence proves that there exist unique functions Xy G £[to,p{v)],vi v £ Urg, such 
that ^[to,p{v)],vixy) = Xy for all v € Urg- This completes the proof of Lemma [26l □ 

Lemma [26] shows, under suitable assumptions, that there exists a unique local mild solution of (|116l) . 
This solution can be extended to a maximal interval of definition. This is the subject of the next 
corollary. It follows directly from Lemma [55] and a standard argument from the ordinary differential 
equations literature and its proof is therefore omitted. 

Corollary 27 (Maximal mild solutions). Assume the setting in the beginning of Suhsection \3. il let rQ,to € 
M, T e (to,c3o), veUr„,neN,a = (ai,...,a„) e M", /3 = (/3i, . . . ,/3„),7 = (7i,...,7„) G [ro,cx))", 
(5 = ((5i, . . . ,5„) G [0, oo)", ri G [max(/3i,...,/3„,7i,...,7„),l + min(ai,...,a„)) with maxig{i_...,„} [7^ - 
min(Q;i, tq) + i5i(/3i — tq)] < 1 and let F = (_Fi, . . . , Fn) € p ^ sii^Oi T]). Then there exist a unique real 
number T € {to, T] and a unique continuous function x : [tQ,T)^Ur„ satisfying x\(^i^.^-^ £ C{{tQ,T),Uri), 
sup,e(t,,t] (s-io)^"'"''"' ||a;(s)||c;^^ < 00, lim,/., [^^^ + ||x(s)|lc/,J = 00 and x{t) = e^(*-*«) w + 
Er=i Si e^'*"'^ F,{s,x{s)) ds for all t e ito,T). 

The next result shows, under suitable assumptions, that the unique maximal mild solution of (|116p 
enjoys a bit more regularity than the regularity asserted in Corollary 1271 

Corollary 28 (More regularity for maximal mild solutions). Assume the setting in the beginning of 
Subsections^ let ro,to G R, T G (to, 00), v G Urg, n G N, a = (ai, . . . ,a„) G M", (5 = {/Si, . . . ,/3„),7 = 
(71,..., 7„) G [ro,oo)", 6 = ((5i,...,(5„) G [0, 00)" with max(/3i, . . . , 71, . . . , 7„) < 1 + min(ai, . . . , a„) 
OKd maxig{i_..._„}[7i - min(ai,ro) + (5i(A: - ?'o)] < 1 and let F = (Fi,...,i^„) e C2,/3_-y,5([io, T]). Then 



29 



there exist a unique real number r G (^Oj^] and a unique continuous function x: [to^r) — > Ur^ satisfy- 
ing x\(^to.r) e C((to,T),[/^J, sup^e(to,t] (s- ^0)^'''"''°^ ||a;(s)|lc,^ < 00, linis/^^ [l|a;(s)llc/.„axOi,...,3„.^i,...,^„) 
+ (t3It] = 00 ""-'^ = e^(*~*«)u + ELi /to e^^*"'-' ^'(S'2;(s))ds /or a// t e (io,T) and ri € 
[ro, 1 + min(Q;i, . . .,«„))• 

Proof of Corollary \28[ First of all, Corollary [57] implies that there exists a unique real number r G (io, T] 
and a unique continuous function x: [to,T) — Urg satisfying t-j G C((io, t), C^max(0i,...,^„,7i,...,7„))i 
lims/<T [(j^ + |la;(s)||;7_^^„„,, „ . _ J = 00 and 



ic(/3i,...,^„,Tl,...,7„) J 

sup (s_iQ)(--(/^i.-./3",7i,...,7„)-o) 

se(to,t] 



x(f)i,...,/3„,7i 7„) 



< 00 



and 



xit) 



,A(t-to) 



v + ^ e^^'-'^ F,{s,x{s))ds 



(137) 



(138) 



for all t G (ioi ■'■)• Next we observe similar as in (jl22p that p2ip and interpolation (see, e.g.. Theorem 37.6 
in Sell & You [19 ) imply that 



\e^<^'~'^ F,{s,xis))\\^^^ds< 



to 



\e^^'-''>\\Liu.^,u.,)m{s,x{s))\\u^^ds 



sup 



< \\n 



([to,T]) 



(i + n^(^)rj,j 



se(0,T-to] 



sup - 

se(0,T-to] 



,in{ci-ri,0) 

° II £.([/£,. ,Ur-^ ) 
d„(ai-ri,0) 



« (l + ||x(,s)||^^J(l + ||a:(,s)||,.^J 
(l + l|a;(s)llc/..)" 



sup 

se(to,t] {s — to) 
1 



(i-o-7i) 



(139) 



to 



j-^ _ ^-jinax(ri-ai,0) j-^ _ ^^-j (7; -''0+<5i (;3i -ro)) 



ds < 00 



for all i G [ioi "J")! * G {I7 2, . . . , n} and all ri G (—00, 1 + min(Q!i, . . . , q„)) where we used 7i — /"o + (5i(/3i — 
ro) < 1 for all i G {1, 2, . . . ,n} in the last line of (|139p . This proves that x{t) G 1/^ for all t G (^Oi "J") and 
all ri G (—00, 1 + min(ai, . . . , ««)) and that 



sup (s-to) 
se(*o,t] 



(i-l-ro) 



x{s)\\ 



< 00 



(140) 



for all t G {to,T) and all ri G [ro,l + min(ai, . . . , a„)). Applying Lemma [521 then proves that a;|(to,r) € 
C{{to, r), t/ri) for all ri G [rp, 1 + min(Q!i, . . . , a„)). This completes the proof of Lemma[28l □ 

We now present and prove the main result of this subsection. It shows, under suitable assumptions, 
that the unique local mild solutions of (jll6p depend continuously in an appropriate sense on the possibly 
nonlinear vector fields in (|116l) . 

Theorem 29 (Continuous dependence on the data on bounded time intervals). Assume the setting in 
the beginning of Subsection \3.i\ and let ro G M, rt G N, a = (Q;i,...,a„) G M", /? = (/?i, . . . , /3„), 7 — 
(7i,...,7„) G [ro,oo)", S = ((5i,...,(5„) G [0, 00)" with max(/3i, . . . , /3„, 71, . . . , 7„) < 1 +min(ai, . . . ,a„) 
and maxigji „} [7^ — min(Q!i,ro) + (/3i — ro)(5i] < 1. Then there exist unique lower semicontinu- 
ous functions r*"-^: ^ ^ |5([io, 7"]) x Uro ~> (^0;^']; to-T G M. with to < T, and unique functions 
x*"'^- C/3,7,5([io,r]) xUr, Use{to,T]C{[to,s), Ur,), to,T e R with to < T, which satisfy x'°'J G 
C{[toy^}j\Ur,), 4"J|(,„^,*o-) e C((io, r^:J),Ur,), sup,g(,„^,](s-to)('^^-'-«' < °° <^nd 



lim 



s/'r 



Jo.T 



„ (^)ll 



xOi,...,f)„,7i,...,7„) 



and 



^o.^(,)^,A(t-to) 



V + e^^'-^^F,{s,x'°:J{s))ds 

i=l •'to 



(141) 



(142) 



for all t G {to.T^Ji, ); w G Urg, ri G [ro, 1 + min(ai, . . . , a„)), F = (Fi, . . . ,F„) G C^^/^..^.^ ([^o, T]) and all 
to,T (zM. with to < T. In addition, it holds for every to,T CzK. with to < T, every t G {to,T] and every 
ri G [ro, 1 + min(Q;i, . . . ,a„)) that the function 



Cl0^.^^s{KT])xUr„5{F,v)^ 



^to,T< 

00 



G Ur, U {00} 



(143) 
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is Borel measurable. Moreover, it holds that 



lim sup 

^^°°sG(to,t] 



is-tor^-'^'»\\x'^;:,S')-xX\.Js)nu. 



(144) 



for all t e {tn.Tp.v), ri S [ro, 1 + min(ai, . . . , a„)), [vN)Nm C Uro, {FM)Nm C C^,/3,^,5([io, 7"]) wi^/j 
liniAr^oo 11^1 - FnWct^ ^ _^ sdto.T]) liniJV^oc - vnHu^o = to,T €R with to < T. 

Proof of Theorem First of all, observe that Corollary [28] ensures that there exist unique functions 
Q/3.7,5([^o,T]) X Ur, -> (to,T], to,r e R with io < T, and a:*"^^: ^^^^^^([to, T]) x f/,„ ^ 



Use(to,T]C([io,s),C/ro), io,r e R with to < T, satisfying x'pj £ C([to, t^%' ), ^^f,'^ l(t„,4o.T) 



to,T| 



C((to, r].°f ), C/.J, sup,g(,„,,] (s - to)^'^^"''"^ Ik?;;^ (s)llt/,, < oo and 



lim 

:/'r^,„ [ (T - s) 



x(3i,...,/3„,Ti,...,7„) 



and 



*=1 -^to 



(145) 



(146) 



for ah t € (^0,4°;^ ), e (7,„, F = (Fi,...,K) e C2,^,^,5([*o, T]), io,r G K with <o < T and all 
ri G [ro, 1 + niin(ai, . . . , a„)). It thus remains to prove that t*°'"^, tQ,T E M. with to < T, are lower 
semicontinuous and that (jl43p and (I144p are fulfilled. 

For this let ri S [max(/3i, . . . , Si, ... , Sn), 1 + min(cki, . . . , a„)) be an arbitrary real number and 
let K[to,T] G [0, oo), to, T e M with to < T, be real numbers defined through 



1 



(l + ai- rj) 



B, 



n "I (4+|ro| + |ri |+maxig{i_...^„} |Qi|) 

2 + n + ri - ro + \T - to\ + "^6, 



■ max max sup 

ie{o,i} ee{ro,ri,Qi,...,Q„} teito^T] 



+ max sup 
ee{/3i,...,/3„}„gc/^^ 

U{7l,--->7»i} 1)7^0 



-f,0) ||gA(t- 



I ('-i-'-o) 



('-1-") 
('■i-'-o) 



*°^l|L(C/e,;7,-^.) 
(1+Er=i 50 



(147) 



for all to,T e K with to <T where B: (0,oo)^ — )■ (0, oo) is the Beta function defined through Bf^^ y^ 
/o sfe-i)dsfor ah x,y e (0,oo). Then observe that 



E 



i=l 
< K 



ds 



[to,T] 



(t-to)'"'"'"'="'"-°^||^;-^|l 



(148) 



^ / (t - to)-'"(--'--") ||F,(s,x^-J(s)) - i^.(s,x^-J(s))||t;„^ 

^=l -^to 



i(ai — Tj ,0) 



\\F,{s,x'°;J{s)) - F,{s,xY^ {s))\\u^^ ds 



to.T/ 
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and inequality (|121l) therefore implies that 

+ K[to,T] ll^--^llc2,,.,.,([to,T]) 
._i "'tn 



(149) 



•ll4;J(s)-4J(^)iit^.. 

and the definition of K[t„^T] hence shows that 



+ ['^[to,T]]^ \\F ^ F\\C2 g,,Alto,T]) 



E/ (^-^)" 



i(ai-rj,0) 



i + ll4;J(s)llC' ll4;Jwilc/r"''"' 



i=l •^*o 



i+ii4%^(s)iilif^ii4%^(s)i!l:r"' 



(150) 



(ri-lSi)Si (l^i-roJSj {•ri-/ii)Si Oj-roj-Sj 

i + ii4;J(^)iic/l4'''" ii4;J(^)iia;r"' +ii4'J(^)iir/':r"" ii4'J(«)" 



II4;J(«) - 4'J(^)l4r'"' ll4;J(«) - 4'J(^^" ^^''^ 



F,V "-"'^Wr, 

ds 



for all j,k e {0, 1}, t G (to,4f ) n (io,4,f )' "'^ ^ ^ € Q;3,7>([*o, T]) and all to,r e M with 

to < T. This, in particular, implies that 

ll4;Jw - 4J(*)llc/.i - '^[*o,T] II w - v\\u,.^ 

+ h*o,T]]'||F-F||cs,^^^^(,o,T])E / (t-.)-'"(---'°) 

i + ll4f(^)ll'a.J [i + ll4;J(^)lk.,]rfs 

h*o.T]]'ll^llc;,,,,,([*o,T])E / i'-^y 



(151) 



\ inin{Qi ~ri ,0) 



„to,7" / \ 11 (5; 



to,T/ 



and the estimates (l+lxl''') (l+|a;|) < k (1 + |a;|)^^+^^=i ''^'^ and {l+\x\^^ + \yf^) < k(1 + |a;| + \y\Y-^^^^=^^'^ 
for all a;, y € R and alH G {1, . . . , n} hence give 



:;^ (0-4;J(0||^,_^ <'«[to,T]lk-^lla„ 



hto.T]]'ll^^-^'ll 



,,([to,T]) 



1+ sup ii4;J(s)l!t/., 

s£[to,t] 



E/ (^-^) 



min(Qi — ri ,0) 



ds 



(152) 



+ h*o,T]]'||F|l 

•E/ (^-^) 



5([to.T]) 1+ sup \\x°:^ {s)\\u^^ + sup ||a;/^ (s)||[/,^ 

sG[to,t] sG[to,t] 



(i+Er=i s^ 
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for all t G ito,T';f) n ito,T~°^^), v,v e Ur,, F,F £ C;\^,^,5([io, T]) and all to,T e R with < T. 
Therefore, we obtain that 



+ h[to,T]]^l-F--F|lc2,,,,,,([to,T]) 

. /■*(^_^)min(ai-ri,...,a„-ri,0)^^ 
Jtn 



1+ sup 114%' (s) lie/., 
se[to,tl 



(2+Er=i'5.) 



(153) 



+ h[to,T]]*^ ll^llc;- ,([to,T]) 



/to 

and hence 



Jtn 



1+ sup ||4f + sup II a;*? 'J (s) 1 1 (7,, 

sG[to,t] sG[to:«] 



Q(ai-ri,...,a„-ri,0) || to,T 



< 



1+ sup ||4;J(s)||c/, 

se[to,t] 



['«[to,T]]** l|-F'llc2^^,^_,([to,T]) 



n(i+Er=i*o (154) 



1+ sup ||4;J(s)||c/., + sup \\xY,{^)\\u., 

sG[to,t] se[io,t] 



for all i e (to,4f ) n (io,4f ), «, « € f/., , F, F e Clp.^ s{[to,T]) and ah to,r G R with to < T. A 
generalization of Gronwall's lemma (see Lemma 7.1.1 in Henry ill ) therefore implies 



sup ^ ||a;^'J'(s) — X^'J(s)||j^^ < E^i^(^oii-ri,...,an-ri,0) 



sG[to,t] 



1+ sup ||4°;J(s)||,;„, + sup \\xfl{s)\\u,., 

se[io-t] se[tQ.t] 



[K[to.T]]^||F||c2,^,^,([to,T]) 
(1+Er=i<5.)' 



n 10 

n(2 + Er=l'5i) 



(155) 



Ik-^llt/., +ll^^-^llc;.,,,([to,T]) 1+ sup \\xfj{s)\\u^^ 

for all i e (to,4f ) n (to,T*°;f ), e C/,.,, F,F e C^^^5([io,r]) and all io,^ G R with to < T where 

: [0, oo) -> [0, oo), r G (—1, 0], is a family of functions defined through Er{x) :— Y^^=o T^(n(r+i)+i) 
all X G [0, oo) and ah r G (-1, 0]. As in (IT^ and (IT?7)) . we now define sets £[to,T], to, 7" € R with to < T, 
and functions IHI^^^ : f[to,T] -> [0, oo), to,r G R with to < T, by 



S[to,T] <^2/GC([to,T],C/,J: 



2/|(t„^T] eC((to,T],C/,J and 



oo 



(156) 



foraUto,TGRwithto <Tandby||2/||£j^^_^j - E,'=o suPte(t„,,i (t - to)^"^^ IbWIk., for all y G %,ti, 
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to,T eR with to < T. Then we get from ([1501 that 



and therefore 



n*0 



+ hto,T]]'||^^-i^||, 



,-1 -J to 



5([*o,T]) 



ll(Qi— Tj ,0) 



(s - ^o) 



{ra — n+Si{rQ-pi)) 



ds 



i=l 
to,T| 



ds 



i=l •^*o 

i + ll4;Jl[*o,*]llL,, + ll4fiN,*]ii£. 



[*o.*l 



'[to.*] " F,t) '^•■"'•'i "^[to.t]\ " 

and the esthnatcs {l+\x\^') {l+\x\) <k{1 + \x\)^^^^'^=^^''^ and (l+|a;|'^' + |y|'^') <k{1 
for all a;, y S R and all i G {1, . . . , n} hence show that 

ll4;Jw - 4;JwL.. ^ '^[*o,T] (i - tof""-'^ \\v - ^11^^^ 



+ hto,T]]'ll^-i^llc2 



5([*o,T]) 



i + ll4;Jl[to,t]ll£i 



(ro-ft)) 



[to.*] 



r ~| ^ ^ I i i 



{1+Er=i<5.) 



7 = 1 "''O 



(157) 



(158) 



(159) 



for all j € {0, 1}, t e (to, 4;^ ) n (to, 4% )- ^.^^ e f/.^, F,F e Q^,^,5([to,T]) and all to,T G R with 
to < T. The estimate 



ds 



E ~ ^^j(l+min(".-'-3.0)+'-o-7i+5i('-0-ft)) 



(l+min(ai-rj,0),l+'-o-7i+'5i('-0-/3i)) 



n 

■ E ^(l+min(Q.-rj,0),l+'-o-7i+'5.('-o-/3i)) 



(160) 
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for all j £ {0, 1}, t e {to,T] and all to,T eR with to < T therefore proves that 



• (< — ^|^'j"i'nie{i,...,ii}(l+"i™("i'''o)-7i+<5i(»'o-^i)) 



+ [«[to.T]]^||^|!c2,3,^,,([to,T]) 



1 + l|2;*F°;Jl[to,t]llf[to.tl + \\^7]'v l[*o.t]ll£[to,tl 



to-T, 



(161) 



(i+EILi-s.) 



i)) 



for all j e {0, 1}, i e (to,r],';f ) n (to, 4%' ), i',^ e Ur,, F,F e Cl^^^^s{[to,T]) and aU to,T e R with 
to < I^- Hence, we obtain 



Ja,T\ 



11(4% -4%)l[to,tlll%o,*l < ^[to^T]] lk-^^llc/„„ 



+ h[to,T]] 11^- -P^llc2,^_^, ,([to,T]) [l + Il4% l[to,tlll£l 



(162) 



+ [l^lUuT]] ll-^llc2,,,,.,([to,T]) [l + l[to,t]ll£[to,tl + 114% l[*o,t]ll£lto,tl 

_ ^p'j"l'"ie{l....,n}(l + ™™("i>''o)-7i+'5i(»'O-0i 



(i+Er=i<5.) 



II (:^^ 



for all t e (to,4f) n (to, 4%%, v,v e Uro, F,F e Q;3,7,5([to,T]) and all to,T € R with to < T. 
Rearranging finally results in 



y )\lt0,t]\\£lt0,t] 



Ja,T\ 



h[to,T]]%|^||c2.3,^,,([to,T]) 



2 _ _ ^^-jminigfi ... „}(l+inin(Qi,ro)-7i+5i(r'o-/3i)) 



1 + llx 



F,'-u l[to,t] ll£[to,t] 



to,T 



/^.'e I [to, t] II 



(1+Er=i'5.) 



(163) 



< hto,T]] [ll^-^llc:,,.^.,([to,T]) + ll«-*llc/.J [1 + 114; l[to,t]ll£[to,*l 

for all t G (to, 4f ) n (to, 4f ), v,ieUr„,F,Fe Clp^^ s{[to,T]) and all to, T € M with to < T. 

We now use (fT55)) and to prove (fTiil) . For this let io,^ e K be real numbers with to < T, let 

e e (0, 1] be a real number defined through e := vah^ie{i,...,n} (1 + min(ai, ro) — 7i + (Si(ro — /?i)) and let 
{vN)N&i C Uro and Fat = {Fn.i, F^.n) G C/3,^,5([to, T]) , TV e N, be sequences with liniAr^oo ||wi ~ 
vn\\u^„ = limAT^oo Iji^i - ^Af|lc2,3.^,,([to,T]) = and ||Fi - ^V||c2.^_^ ,([to,T]) < 1 for all N e N. Then 
observe that p63p ensures that 



•^Fi,"! ■^FN,iJ]v)l[*o,t] I 



-Ito.t] 



1- hto,T]] (t-to)^ 2+||x*-^,J[,„,, 



"1*0. tl 



44i,„l[to,t]ll£[to,tl + 11-^1 lies. 0,^,^([*o,T]) 



(2+Er=i<50 



^ [«[to,T]]' 



(164) 



• J|Fl - FN\\c2,,,,^,{[to,T]) + \\V1 - fA^I%„J [l + ll44j[to,t]ll£[to,tJ 

for all t e (to, 4rJi) 1^ (*o, 4'!^^i,„) and all N eN. This implies that 

IK-^Fi.-ui ~ ^F«,i>iv)l[*o,t] ll^Ito,*] 



(2+Er=i'5.) 



1- hto,T]]%t-to)^ 4 + 2||x^4|[,„,,]||£,,^,,, +||^^l||c2,,,^_,([to,T]) 



(2+ELi 



(165) 



< h[to,T]] 11^1 -^w|lc2,,,^_,([to,T]) + ll«l -I'wllt/^^ 1 + ll4i%J[to,tlll£[to, 



(2+Er=i "5.) 



for all t e {s G (to,4"'Jjn (to,4-^,„): ||4;^.„ l[to,t] ll^.o,, < 2 + ||44 l[to,tl H^i^o.^i } ^''^ N e K In 
the next step let t € (to, 4i'i)i) ^^'^ N G N he real numbers with the property that 



T]) 



(2+Er=i<5.) , 



(166) 
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for all t E {to,t\ and with the property that 



['«[to.T]]^ 11^1 - ^A^IICS , .,_,([to,T]) + ||fl - VnWu^^ 



■ ^ + \\^Fuvi\lto.t]\\£ita.t]l 

ioT all N e {N , N + I, . . .} ^: N. Then we obtain from pl5)) that 

Wi^Fuvi - ^Fi^,v,^)\lto-t]\\£[to.t] ^ 2 [K[to,T]]^ 

11^1 - FN\\c2^,,^_,{lto,T]} + \\V1 - VnWu^J^ [l + ll^*A'!^J[to,t]ll£[to,tl 

for all te{se [toA n (to,4^':„): \\4„lj[to.t]\K^., < 2 + \\4;lMto.t]\KJ and all TV e N. This 
implies that 



(167) 



< 



(2+Er=i<5.) 



< 1 



(168) 



• \\Fi - FN\\c2,,,,^A[to.T]) + \\vi - t^wllc/.,, 
for all iV e N and we hence get 

to.T to,T 



1 + lb 



A',-"il[to,t]ll^[to,t] 



(2+Er=i'5.) 



(169) 



(170) 



In the next step we define vn € C^n, G N U {1}, through -Cat := a;^^"^^^(t) for all iV e N U {1} and we 
define Fat e C^^^,, ^([i, T]), TV e N U {1}, through F^v := (Fw,il[t.T]: • ■ • . ^w,„|[t;T]) for all N e NU{1}. 
Note that ('SA')ArgNu{i} well-defined since i < t^f^^^ for all N E NU{1}. Furthermore, we obtain from 
pro)) that 



sup 1 1 (s) - . is)\\ <E, 



t,T 



sG[t,t] 



Fi,vi 



Fn ,VN 1 1 C^r 



i(qi— ri,...,Qn— ri,0) 



1+ sup \\x'£^^{s)\\u^^ + sup 

sG[t,t] sG[t,t] 



t,T 



\\vi ~ i'NWu^^ +ll^^i-^wllc" 



sai,T]) 



(i+EILi-s.) 



1 + sup is)\\u,., 
se[i,t] ^'^ 



iio 



1 (2+Er=i "5.) 



(171) 



for all t e (t T*'^ ) n (t, T*'^ ) and all TV G N. This implies that 



sG[t,t] 



se[t,t] se[t,t] 



(172) 



l^^l - VnWu^^ +\\Fi- FN\\c2_p_^^,{[ta,T]) 



to,T 
'^Fi.vi 



,vi\[to.t]\\ 



1 (2+Er=i -5.) 



(f-to)(''i-''«) 



and therefore 



se[t,t] ^ 



[l^[to,T]f 



4 + 2 sup Il4;^„,(s)||c/., +lli^i|lc:,,,([to,T]) 
se[t,t] 



1^1 - vnWu., + \\Fi - Fn\\c2 « -, s(.lto,T]) 



(2+Er=i5,) 



(t- io)^'''"'^'') 



(173) 



1 (2+Er=i 
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for alH e {s e n iir'^^lj: sup^^;,;,, \\xX^^,Ju)\\u.^ < 2 + sup„gf,;,] \\x'°;l^{u)\\u.^ } and all 

e N. In the next step we observe that (I170p proves that there exists a non-decreasing family Nt e N, 
t G (t , r];? ' ) , of natural numbers such that 



min(ai — ri,...,a„— ri,0) 



+ 2 sup +||^^l||c2,,,([to.T]) 

se[t,t] 



(2+Er=i 5. 



■ F[to,T]J 



1 + 



5([to,T]) 



(174) 



to,T 
'^Fi,vi 



I [to, t] I If' 



[to.'l 



< 1 



for all iV e {A^t, A^t + 1, . . . } and all t e (t, t^°'^J- Combining this with ^75)) resuhs in 



sup -2:f„%„(s)I|(7,-i < £^min(ai-ri,...,a„-ri,0) 

se[i,t] 

■ 4 + 2 sup +||Fi||c2,^,([to,T]/'^^'"'"^ 
se[t,t] 



'«[to,T]]" 



(175) 



1^1 - VN\\ur, + - ■fjvllc2,^_^,,([to.T]) 



to,T 



l[to,t]lli^| 



(2+E?=i 



for all G { A^f , A^f + 1, . . . } and all t G {i, t^"'^^). Inequality (|175p implies that r*°'^ is lower semicon- 
tinuous and combining (|175p with (jl69p proves that 



lim sup 

^->°°sG(to,t] 



(s - to) 



(j-i-ro) \\to,T 



(176) 



for aU t G {to,TFi,vi)- Interpolation (see, e.g., Theorem 37.6 in Sell & You [TH]) hence implies that (|144p 
is fulfilled. Since every lower semicontinuous function is Borel measurable, we obtain that r*"'-^ is Borel 
measurable. Therefore, we get for every t G [to, T] that the sets {{F, v) G ^ ^ ^-([^o, ?"]) x Um : t^'J^ > t} 
and {{F,v) e ^ g{[to,T]) x Uro ■ t^'J < t} are Borel measurable subsets oi p ^ s(i'^o,T]) x [/^o and 
(|144l) implies for every t G ito,T] and every r G [r'o,ri] that the mapping {{F,v) G C^a,p^j,5i[ta,T]) x 

J7ro • "'"fi,"^ > t} 9 {F,v) M- Xi?.„(t) G [/,■ is continuous and, in particular, Borel measurable. These two 
facts imply (jl43p and this completes the proof of Theorem [511 □ 

Theorem [29] investigates solutions of (I116P on a bounded time interval. The next corollary extends 
this result to unbounded time intervals. 

Corollary 30 (Continuous dependence on the data on unbounded time intervals). Assume the setting 
in the beginning of S ub section ] 3. 1\ and let to, rp G M, n G N, a = (ai, . . . , an) G M", /3 = (/3i, . . . , /3„), 7 = 
(71, . . . ,7„) G [ro,oo)", S = {Si, ...,6n) G [0,oo)" with max(/3i, . . . , 71, . . . , 7„) < l + min(ai, . . . ,a„) 
and 

max [7i - min(ai, tq) + 5j(A - ^0)] < 1- (177) 

ie{l,...,n} 

Then there exist a unique lower semicontinuous function r: p sii^o^oo)) x [/^q (to, 00] and a 
unique function x: C^J^^ ^([to, 00)) x Ur„ ^se(to,oo]Ci[to, s),Ur„) satisfying xf,v e C{[to,TF^y),Ur„), 

XF,v\{to,Tp,^) e C{{to,TF,v),Ur,), SUp^g(j^ t](s - to)^'''"''''^ \\xF,v{s)\\ur; < oo and 



lim [tf,« + ||xF,^(s)||c/„ 



x(|3l /3„,7i,...,7„) J 



and 



,=1 "'to 



(178) 



(179) 



for all t G {to,TF^v), V G i7ro. ri G [rp, 1 + min(Q!i, . . .,«„)) and a/Z F = (Fi, . . . ,F„) G ^^^^^^^^([to, 00)). 
In addition, it holds for every t G {to, 00) and every ri G [rp, 1 + min(ai, . . . , an)) that the function 



Q/3.7,5([i0,Oo)) X Uro 9 {F,V)^ 



XF,v(t) : t < tf,v 

00 '■ t > TFv 



G U {00} (Measurability property) 
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is Borel measurable. Moreover, it holds that 

[s - toY'''^''"'' Wxp^^vAs) - XF,^,vt,{s)\\Uri 



lim sup 



= 



(Continuity property) 



for all t e (to,TFi,«J, ri G [ro, 1 + min(Q;i, . . . , a„)), {vN)Nefi C Urg, (i^Ar)ArgN C C^,,3,^,a-([^o, oo)) wzi/i 

limAr^oorfc2^^i([to,oo))(^l,-FAr) = luTlN^oo \\vi - Vn\\u^^, =0. 

Corollary 1301 follows immediately from Theorem 1291 and its proof is therefore omitted. 



3.2 SPDEs with space-time white noise and polynomial nonlinearities in two 
space dimensions 

The aim of this subsection is to prove local existence and uniqueness of mild solutions of SPDEs in two 
space dimensions with polynomial nonlinearities of the form 



dXt = [AXt + Knit) : (Xt)" :+... + K2{t) : {Xt f : +Ki{t)Xt + Ko(t)] dt + dWt 



(180) 



for t e [0, oo) with periodic boundary conditions on (0, 27r)^ where n G N is an arbitrary natural number, 
where ko,ki,...,k„ G C([0, cx)),R) are arbitrary continuous functions, where {Wt)t>o is a cylindrical 
/-Wiener process and where : [Xtf :,...,: (^t)" : are suitable renormalizations of [XtY , . . . , [Xt)"' for 
t £ [0, oo). The precise result is formulated in the following theorem. 

Theorem 31 (Polynomial nonlinearities in two space dimensions). Let (fi, J-", P) he a probability space, 
let n e N, io e ko,ki,...,k„ G C([to, (^), M), V e (-^0), let V ^ : (V)^:,: (Vf (F)" : 

: [to,oo) X f2 — !■ nrG(-oo,o) C-p([0, 27r]^, M) be stochastic processes with continuous sample paths given by 
Propositions \14\ and \15\ and let ^: $7 — >■ Cp([0, 27r]^, M) be a random variable. Then there exists a unique 
random variable r: £7 — > (<o,oo] and a unique stochastic process X : [to,oo) x — > Cp([0,27r]^, 
such that for every io Cz Q it holds that Xt{uj) = oo for all t £ [T{io), oo), that 



(X,(c.)),e[to,.M) e C([to,r(c.)),C^([0,27r]2,R)), 
(Xsiio) - Vs{u))seito.oo) e C((to,oo),n,g(o,2) [C^([0,2^]2,M) U {(X)}]), 

< oo 



sup (s-to)' 

se(tn,i] 



\\Xs{u}) - Vsiuj)\\c:;,{[o.MY 
for all r e [rj, 2) and all t e (to, t(uj)) and that 

Xtiuj) ^ e-^^(*-*°) a^) + Vtiio) ~ e-^^(*-*") Vt,{io) + f e-^^^*"^) ( «„(*) + {^i{t) + 1) Xt{uj) 



I U {oo} 

(181) 
(182) 
(183) 



w=2 



(X,(a.)-y,(^))- + 5] 1 Yx,{u:)~Yt[u:)f[.{y,)^-^^){u 

k=0 ^ ^ 



(184) 



ds 



for all t Cz [to, t(uj)). In that sense, the stochastic process X is a local mild solution of the SPDE (jl80p . 

Let us briefly compare Proposition 4.4 in Da Prato & Debussche [3 with Theorem [311 above. In the 
setting of Theorem [3T] we note that 



to 



\Xs{ljj) - K(t^)|lcj,([0,27r]2,R) 



ds 



< 



sup (s-to) ^ \\Xs{uj)~Vs{uj)\\P^,. .2 
se(to,t] ' 



p(t7-^) 

(5 — to) ^ ds 



(185) 



sup (s-to) ' \\Xs{uj)-Vs{uj)f^ 



CJ,([0.27r]: 



(t-to)^'-'-^) 



p(n-r) 

2 



< 00 



and hence 



{Xs{uj)-Vs{oj))^^^,^ ^^eC{ [to , t] ; C?, ( [0, 2^] 2 , M)) n ( [to ,t];CU[0, ^tt] 



{186) 



for all t e {to,T{uj)), uj £ il, r £ [?7, | + ??) and all p £ (0, 00). Equation (I186P implies the regularity 
statement in Proposition 4.4 in Da Prato & Debussche ^3) and this demonstrates that Theorem [311 above 
implies Proposition 4.4 in Da Prato & Debussche [3]. 
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Proof of Theorem\^ We show Theorem [3T] through an appUcation of Corollary [501 For this application 
define ([/,||.||^) := (C^ ([0, 2^]^, M), || • ||co ([o,2.]^e)) and (C/.,|1-||^J := {D{{-A2y),\\{-A2y{-)\\u) for 

all r g M. Moreover, define ro f ^ ("n''^) ^^'^ ^ ^ n ''o)) ^ '"'^^^ number. 

Observe that this ensures that n (e — ro) < 1. Next define a := —e, (3 :— e, :— e, S :— n — 1 and let 
F'^ : [to, oo) X C/„iax(;3.7) ~^ Ua, uj € fl, he functions defined through 



F'^{t,y) = Ko{t) + {Ki{t) + l){y + Vt{oj)) + ^ n^t) 



w=2 



k=0 



(187) 



for all y G C/max(/3,7), i G [^0, 00)7 e f2. Then note for every uj e ft that <E C\ ^ ^ ^{[tQ.co)); see (jll9p 
for the definition of ^ ^ ^([to, 00)). Next observe that 

[max(/3,7),l +a) = [e,l-e) 7^ (188) 

and 

7 - min(a, tq) + (/? - ro)(5 = e - min(-£, ro) + (e - r-p) {n - 1) ^^^^^^ 

= e - ro + (e - ro) (n - 1) = n (e - ro) < 1. 

We can thus apply Corollary [301 to obtain the existence of a unique lower semicontinuous function 
P' p -y sil^OjT]) X Urg (toi oo] and to obtain the existence of a unique function y- C]^ p ^ ^([^Oj 00)) x 

Uro -> yJs(i(to,oo]C{[t(i,s),Uro) which Satisfy yG,v e C([io, PG,^.), C^ro), yG,'»|(to,PG,>.) ^ C'((to, PG.i;), C^n) 

and 

sup (s-io)^'''^"''^ |||/g..(s)||[/., < = lini [pg.v + \\vgAs)\\u,] (190) 
se(to,t] s/'PG,„ 

and ^ 

yG,.(t) = e-^^(*~*«) V + / e-^=(*-^) G(s, ycAs)) ds (191) 

for all t e (to,PG,i;), w e C/ro, G [§' 1 ~ ^ *^ Ca,/3,7,5([^o,7']) and all T e (0,oo). Next we define 
functions r: — ^ (ioiOo] and X: [tQ,Go) x — > [7^0 U {00} through t(cj) := Pf^ ,(,(i^)-VtQ{i^) for all w G 
and through 

X,(..):^|y^^'«(-)-^'oMW + ^*H :^<r(a;) ^^g^) 
1 00 : i > 

for all t G [iojOo) and all w G $7. This definition together with (jl9ip ensures that 

X,(c^) - Vt{u:) = e-^^(*-*«)(C(c.) - Vt,{iu)) + /'*e-4.(t-s) i7-(,,Xi(c.) - F,(c.)) (193) 

J to 

for all t G (to,'''(w) and all a; G il. Combining this with (I187P proves that X fulfills (I184p . In the next 
step we note that 



e(c([to,oo),[Cp^/'([0,2^]2,M)]"") 
= '^c([to,oo),[c^'/^[o,2.]^M)]x.)(^([*o,oo), [Cp"/'([0,27r]^M)]^") (194) 

3f^f{t)^ [Cp^/'([0,27r]2,R)]"":tG [io,oo)). 
This implies that the mapping 

^3 (V^(a.),(:(FO^ :)(..),...,(: (V^t)":)H),,[,„,^) G C([io, 00), [Cp^/^([0, 2vr]MR)]^") (195) 

is F /B{C{[tf), 00), [Cp^^^([0, 27r]^,R)]^"))-measurable. This ensures that the mapping 

n3Lo^ {F^,^{uj)) G Clp^^^ito, 00)) X Ur, (196) 

is F /B{C\ p ^ ^([tojOo)) X f/ro) -measurable. Combining this with Corollarv 1501 proves that r is a random 
variable and that X is a stochastic process (see ( [Measurability property ) in Corollary [501 for details) . 
Since e G (0, min(i, ^ + ro)) was arbitrary, the proof of Theorem [31] is completed. □ 
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3.3 SPDEs with space-time white noise and quadratic nonhnearities in three 
space dimensions 

The aim of this subsection is to prove local existence and uniqueness of mild solutions of SPDEs in three 
space dimensions with quadratic nonhnearities of the form 

dXt = [AXt + K2{t) : {Xtf : +ni{t)Xt + Ko(i)] dt + dWt (197) 

for t G [0, go) with periodic boundary conditions on (0, 27r)'^ where kq, ki, K2 G ^"([0, oo), R) are arbitrary 
continuous functions, where (Wt)t>o is a cylindrical /-Wiener process and where : (Xt)^ : is a suitable 
renormalization of {Xt)^ for t € [0, oo). The precise result is formulated in the following theorem. 

Theorem 32 (Quadratic nonhnearities in three space dimensions). Let (f2, J^, P) he a probability space, 
let to e R, Ko,Ki,K2 e C([to,oo),R), 77 e (-1,-5), let V : [io,w) x ^ n,e(_oo,-i/2)C^,([0, 27r]3, R) 
and :{V)'^: : [to, 00) x — ^ nrg(-oo.-i)C-p([0, 27r]'^, R) be stochastic processes with continuous sample 
paths given by Propositions and \15\ and let S^: £7 — >■ Cp([0, 271]"^, R) be a random variable. Then there 
exists a unique random variable r: O — > (to, 00] and a unique stochastic process X: [to, 00) x O — > 
Cp([0, 27r]^, R) U {00} such that for every lu G fl it holds that (cj) = 00 for all t G [t{uj), 00), that 

(X,(w)),e[,„,,(^)) e C([to,T(c^)),C^([0,27r]3,R)), (198) 

(Xsito) - VALo))se(to,^) e C((to, c^), n,e( 1 .1) [Cp([0' 2^]'' ^) U {00}]), (199) 

(1 — 17) 

sup (s-to) 2 ||Xs(w) - V;(cj)||c-([o.27r]3.R) < 00 (200) 
se{to,t] 

for all r G [77, 1) a7T.rf a/Z t G (to, t{uj)) and that 



Xtiio) = e-^^^*-*") e(w) + ^t('^) - e-^^(*-*") Vo(a;) + / g-^-^^*"'') 



K2(t) (Xt(c^) -yt(L^)) 



2 



2 (Xtiu) - Vtioj)) Vt{oj) + (: {Vtf :)(c^)) + (Ki(t) + 1) Xt{tj) + Ko{t) 



ds (201) 



for all t G [to, t{u))). In that sense, the stochastic process X is a local mild solution of the SPDE (jl97|) . 

Proof of Theorem\3SX We show Theorem [32l through an application of Corollary l30l For this application 
define (C/,||-||y) (C° ([0, 2^]^, R), || -11^0 ([o,2.]3,k)) and (;7.,|MlyJ := {D{{-A^rU{-A^r{-)\\u) for all 
r G R. Moreover, define ro := § G (— ^, ~j) and let e G (0, | + y') be a real number. Observe that this 
ensures that 2e — ro < ^ and that e < |- Next define a :— — ^ — e, /3 — ^ — |, 7 := ^ + e and (5 := 1 
and let : [to, 00) x J7inax(^,7) Uai, <^ & ^,he functions defined through 

F'^(t, y) ^2(t) {y^ + 2 t4(w) y + (: (T^)' (^)) + ('^i W + 1) (?/ + ^t(^)) + «o(t) (202) 

for all y G C/max(/3,7); ^ € [to, 00), w G il. Then note for every uj G ft that G ^ ^ ^([to, 00)); see (|119p 
for the definition of ^ ^ sii^o, 00)). Next observe that 

[max(/3,7),l + a) = [i+e,i-e) ^ (203) 

and 

7 - min(Q;, ro) + (^ - ro)(5 = 7 + ^- a-ro 
= I + i + £ - ro < i 



(204) 

i+e-ro < i + 2e-ro < 1. 



We can thus apply Theorem [29] to obtain the existence of a unique lower semicontinuous function 
p: ^ ^([to, 00)) x Uro — > (to, 00] and to obtain the existence of a unique function y : ^ ..^.([to, 00)) x 

(to.oo] C([^0 7 5)1 f^ro) which satisfy y^v G (^([to, PG,d): C^ro)j yG,t)|(to,pG,„) S C'((to, Pg,i>)j t^ri) 

and 

sup (s - to)^''"'''"-' ||yG.D(s)||c/,, < 00 = lim Pg,v + \\yG.v{s)\\ui ^ (205) 

and ^ 

yG,.(t) = e-^^(*-*°) i; + / e-^^(*-^) G(s, 2/g,.(s)) ds (206) 
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for all t G {to,pG,v), V e Uro^ ri £ — e) and all G G C^^ p ^ s{[to,oo)). Next we define functions 

r: — > (to,oo] and X: [to^oo) x — > t/n, U {00} through r(w) := /5F",^(tj)-ytQ(tj) for all w £ and 
through 

fyF^.CM-v.„MW + ViH :t<rH ^^07) 
1 00 ■ t > t{lo) 

for all t E [to, 00) and all w e i7. This definition together with (|206p ensures that 



to 



for all t E {to,T{uj)) and all lu E il. Combining this with (|202p proves that X fulfills (|20ip . In the next 
step we note that 

B{c{[to, Cp(^+^)/'([0, 27r]\ M) x C:p^'+'^/\[0, 27r]3, R))) 

= ^C([to,oo),C-<^ + = '/^[0,2,r]3,R)xC;<"+='/"([0,27r]3,R))( ^209) 

C([to,oo),Cp(^+^)/'([0,27r]3,R) x Cp^'+^^/'([0, 27r]3, M)) 
9 / fit) E Cp('+")/'([0, 2^]^ M) X Cp('+")/'([0, 2^]3, M) : i e [io, oo)) . 

This implies that the mapping 

n3u;^ (Vtiio), (: (Vt)' :)(^)),,[,„,^) e C([to, (X)),Cp(^+^)/^([0, 2n]\R) x Cp(^+^'/^([0, 27r]3,R)) (210) 

is (C( [io , oo ) , ( [0 , 27r] 3 , M) X '^^"^ ( [0 , 27r] 3 , M) ) ) -measurable and this shows that the map- 

ping 

n3u^ (F-^iiu;) - Vt„iu;)) E Clp^^^si[to,^)) x C/.„ (211) 

is J^/B(C^ p ^ ^([tojOo)) X [7^0 ) "measurable. Combining this with CoroUarv 1301 proves that r is a random 
variable and that X is a stochastic process (see ( [Measurability property] ) in Corollary [501 for details) . 
Since e S (0, -j -I- ^) was arbitrary, the proof of Theorem [55] is completed. □ 
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